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Abstract
We study the problem of determining in a constructive way a convex
body in the plane from its tomographic projections. For this, we consider
the similar problem in digital plane: reconstructing a lattice convex set
from its discrete tomographic projection. We show that we can use a
reconstruction algorithm for the discrete problem to solve the continuous
reconstruction to any precision. The proof of this result uses stability
properties of geometric tomography. An extension to point-source tomographic projections is also investigated.

Parallel sources case
If F is a convex body of R2 and p = (a, b) is a direction then the (parallel source)
tomographic projection of F with respect to p (denoted Xp F ) is defined by:
Xp F (u) = length({(x, y) ∈ F : bx − ay = u}).
Hammer’s X-ray problem consists to reconstruct a convex body of R from a
minimum number of tomographic projections. This is the most classical problem
of Geometric Tomography ([5]).
In [8] the authors characterize completely the sets of directions which permit
to reconstruct all the convex sets.(such a set is called a Gardner-McMullen set
of directions. In particular it is proved that all the sets of directions which
provide uniqueness have a cardinal not less than four. But this result is not
constructive, it does not give a method to reconstruct the convex body from
its projections. In the literature there are several descriptions of constructive
methods which attempt to make this reconstruction: In [12] the authors are able
to reconstruct and infinite set of points of the border of the convex body but
until now we are not able to prove that this infinite set is dense in the border.
In [11], the authors construct a subset and a superset of approximative solution
by making some choices and use “filling operations”, but unfortunately there is
no proof that the sequence of the obtained solution converges to the good set
even when the directions provide uniqueness. In [7], the method reconstructs a
polygon which tomographic projections has the least square distance with the
projection. It is proven that the polygon tends to the set when the number of
vertices tends to infinity but it lacks an efficient method to find the polygon.
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In this paper we use another strategy which works only for rational directions. This strategy uses algorithms of Discrete Tomography. The main aim
of Discrete Tomography is to reconstruct a lattice set E ⊂ Z2 from discrete
tomographic projections defined by:
Xp F (u) = card({(x, y) ∈ F : bx − ay = u}
where p = (a, b) is the direction of the projection ([9, 10]).
To solve Hammer’s X-ray problem, we will approximate the plane R2 by the
discrete plane rZ2 = {(rx, ry) : x, y ∈ Z} for a certain resolution r > 0. The
idea is to take r sufficiently small to make possible the reconstruction of the
search set at the wanted precision.
A lattice set (subset of Z2 ) is said to be convex if it is the intersection of
a convex
of R2 with Z. So if F is a convex body that the lattice set
¡ 1 subset
¢
2
Fr = r F ∩ Z is convex, moreover its tomographic projections satisfy:
¹
º
¹
º
Xp F (kr)
Xp F (kr)
≤ Xp Fr (k) ≤
+1
(1)
rkpk
rkpk
where bxc denotes the largest integral value not greater that x. The following
theorem shows that reciprocally if a sequence of sets satisfies Equation (1) then
it tends to F .
Theorem 1 Let D a Gardner-McMullen set of rational directions and (Er )r>0
a sequence of convex lattice sets such that for any p ∈ D and k ∈ Z:
º
¹
º
¹
Xp F (kr)
Xp F (kr)
≤ Xp Er (k) ≤
+1
(2)
rkpk
rkpk
Then
area(conv(rEr )∆F ) −−−→ 0.
r→0

√

(the notation kpk denotes a2 + b2 if p = (a, b) and ∆ denotes the symmetrical
difference of sets). Notice that this theorem is a simplification of Proposition
20 of [2].
Sketch of proof : Suppose without loss of generality that D = {p1 , p2 , p3 , p4 }.
Let X be the function defined on the convex bodies by X (F ) = (Xp1 F, Xp2 F, Xp3 F, Xp4 F ).
In the following we suppose the the class of the convex bodies is embedded
with Hausdorff distance: dH (E, F ) = inf{ε : F1 ⊂ F2 + B(0, ε) and F2 ⊂
F1 +B(0, ε)} or Nikodym distance dN (E, F ) = area(E∆F ) which anyway induce
the same topology. Similarly, the topology on the image of X is induced by the
product topology of Hausdorff/Nikodym distance of the Steiner symmetrals:
X (x)
X (x)
{(x, y) : − p2 ≤ y ≤ + p2 }, it is also equivalent to the topology induced
R +∞
by the distance d(X (F ), X (F 0 )) = max1≤i≤4 −∞ |Xpi F (α) − Xpi F 0 (α)|dα.
With these topologies, we know by [13] that the inverse function of X is
continuous.
Let Er0 = conv(rEr ), we have:
Xp Er0 (kr)
Xp Er0 (kr)
− 1 ≤ Xp Er (k) ≤
+1
rkpk
rkpk
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(3)

So, by combining (2) and (3) we have:
Xp F (kr) − 2rkpk ≤ Xp Er0 (kr) ≤ Xp F (kr) + 2rkpk
so by uniform continuity of the function x 7→ Xp F (x) we have: d(X (Er0 ), X (F )) −−−→
0 so dN (Er0 , F ) −−−→ 0 by continuity of the inverse of X .
r→0

r→0

¤

So to reconstruct a sequence of sets which approximate the searched convex
body it is sufficient to solve, for a sequence of resolutions r which tends to zero,
the following problem of Discrete Tomography:
AppRec(B, D)
Input: A map f : D × Z → N0 with finite support.
Output: A convex lattice set E ⊂ Z2 , if it exists, which satisfies
f (p, k) ≤ Xp E(k) ≤ f (p, k) + 1, for all (p, k) ∈ D × Z .
Theorem 1 shows that the construction of a solution to Hammer’s X-problem
can be made by solving AppRec(C, D) for the class C of convex lattice sets and
the discrete tomographic projections:
(
0
if kr is outside the closure of {x : Xp F (x) = 0}
f (p, k) = j Xp F (kr) k
otherwise.
rkpk
Unfortunately we do not know if there are efficient (for example polynomialtime) algorithms which solve the problem AppRec(C, D).
However we can use filling operations and a recursive procedure to reconstruct the set in a time which can be exponential in theory but looks experimentally reasonable (see [3, section 7.4] for the extension of the filling operations to
the approximative case and for example [4, page 248] for the recursive procedure).

Point sources case
Now we investigate the point-source extensions of the previous results. In Geometric Tomography we define the projection XC (F ) of the body F ⊂ R2 with
respect to the center C by:
d = α})
XC F (α) = length({M ∈ F : CM
−→
d denotes the angle between the unit vector (1, 0) and the vector −
where CM
CM .
Notice that in this paper, the angle α is up to 2π: the length is taken on a semiline, the tomographic projections are directed. It is proved that any convex
body is completely determined by three tomographic projections with respect
to three non-collinear sources. ([14])
Similarly in Discrete Tomography, if C is an integer point the projection
XC F of a lattice set F with respect to the center C is defined by
d = α}).
XC F (α) = card({M ∈ F : CM
Notice that the support of the projection (set of α for which XC F (α) 6= 0) is
finite.
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We now extend Theorem 1 to the point-source case. For this extension
we will suppose that the point sources have integral coordinates and that the
resolution is of the form r = n1 where n is an integer. Consequently the point
sources are also always in rZ2 . We denote by RA the set of “rational” angles
{α : α = 0 mod π or tan α ∈ Q} and for any α ∈ RA we denote by kαk the
quantity:
(
1
if α = 0 mod π
kαk = p 2
2
p + q where tan α = pq such that p and q are coprime integers.
We can now formulate the theorem:
Theorem 2 Let C = {C1 , C2 , C3 } be a set of three non-collinear points in Z2
and (En )n∈N∗ a sequence of lattice sets such that for any C ∈ C and any α ∈ RA
we have:
¹
º
¹
º
nXC F (α)
nXC F (α)
≤ XnC En (α) ≤
+1
(4)
kαk
kαk
then
area(conv(rEn )∆F ) −−−→ 0.
r→0

Sketch of proof : The proof is similar to the proof of Theorem 1.√The main
differences are the consideration of the property (4) only for kαk ≤ n and the
use of the stability result of [1] instead the one of [13].
¤
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[1] G. Bianchi and A. Volčič. Hammer’s X-ray problem is well-posed. Ann.
Mat. Pura Appl. (4), 155:205–211, 1989.
[2] S. Brunetti and A. Daurat. Stability in discrete tomography: Some positive
results. Discrete Appl. Math., 147(2-3):207–226, April 2005.
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239–251. Hermes, 2007.
[5] R. J. Gardner. Geometric Tomography, volume 58 of Encyclopedia of Mathematics and its Applications. Cambridge University Press, 2005. 2nd edition.
[6] R. J. Gardner and P. Gritzmann. Discrete tomography: Determination of
finite sets by X-rays. Trans. Amer. Math. Soc., 349(6):2271–2295, 1997.
[7] R. J. Gardner and M. Kiderlen. A solution to Hammer’s X-ray reconstruction problem. Adv. Math., 214(1):323–343, 2007.
[8] R. J. Gardner and P. McMullen. On Hammer’s X-ray problem. J. London
Math. Soc. (2), 21(1):171–175, 1980.
174

[9] G. T. Herman and A. Kuba, editors. Discrete Tomography. Foundations,
Algorithms, and Applications. Birkhäuser, 1999.
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[11] D. Kölzow, A. Kuba, and A. Volčič. An algorithm for reconstructing convex
bodies from their projections. Discrete Comput. Geom., 4:205–237, 1989.
[12] G. Michelacci. Reconstructing boundary points of convex sets from X-ray
pictures. Geom. Dedicata, 66(3):357–368, 1997.
[13] A. Volčič. Well-posedness of the Gardner-McMullen reconstruction problem. In Measure theory, Oberwolfach 1983, volume 1089 of Lecture Notes
in Math., pages 199–210. Springer, 1984.
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