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Abstra t.

Our aim is to dene a Gray ode for the lass of minimal permutations with
des ents and size 2d enumerated by Catalan numbers. We onsider two algorithms for
generating a Gray ode for Catalan stru tures, both of them based on the ommon strategy of ree ting subtrees in the omputation tree. The appli ation of these algorithms to
minimal permutations of size 2d with d des ents does not maintain the distan e between
two onse utive permutations onstant. In this paper we propose a new version of these
algorithms and prove that two onse utive permutations dier in at most three positions,
independently of their size.
d

Gray odes, permutations, exhaustive generation, tandem dupli ation random loss model, ree table languages, ombinatorial problems.
Keywords:

1 Introdu tion
n

A permutation of size
by

Sn

is a bije tive map from

[1..n]

to itself. We denote

n. We onsider a permutation σ ∈ Sn
n letters on the alphabet {1, 2, . . . , n}, ontaining

the set of permutations of size

as the word

σ 1 σ 2 . . . σn

of

ea h letter exa tly on e (we often use the word

624351
6, σ2 = 2, . . . , σ6 = 1.

For example,

element

represents the permutation

instead of letter).

σ ∈ S6

su h that

σ1 =
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in reasing substring

An
of

σ

of

σ

is just a sequen e of

onse utive elements

that are in in reasing order. An in reasing substring is maximal if it

an be extended neither on the left nor on the right.
In [6℄, instead of the number of maximal in reasing substrings, it was
introdu ed the number of des ents whi h is a very well-known statisti s on
permutations.

σ

n, we say that there is a
i, 1 ≤ i ≤ n − 1, if σi > σi+1 (resp.

Definition 1.1 Given a permutation

des ent

(resp.

σi < σi+1

as ent )

in the position

). A des ent (resp.as ent) is

of size

isolated

if it is pre eded and followed

by an as ent (resp. des ent).
Example 1.2 For example,

sitions

σ = 698413725

has

4

des ents, namely at po-

2, 3, 4, 7.

Definition 1.3 A permutation

σ

π ∈ Sk

is a

pattern of a permutation σ ∈ Sn

to π ; i.e., if there
σi1 σi2 . . . σik of σ (with 1 ≤ i1 < i2 < . . . < ik ≤ n) su h
that σiℓ < σim whenever πℓ < πm .
We also say that π is involved in σ and all σi1 σi2 . . . σik an o urren e of
π in σ .
if there is a subsequen e of

whi h is order-isomorphi

is a subsequen e

π ≺σ

We write

that does not

to denote that

ontain

π

permutations avoiding the patterns
We say that

S(π1 , π2 , . . . , πk )

basis {π1 , π2 , . . . , πk }.

1.1

n

is a pattern of

is a

σ.

d

genes are modelled by permutations on

operations.

The

des ents

[1..n],

Ea h of these steps is

genomes

that

omposed

an evolve through

omposed of two elementary

Firstly, the permutation (a fragment of

onse utive elements

of it for the tandem dupli ation) is dupli ated, and the dupli ated
is inserted immediately after the original

dupli ation.

Then the

σ

lass of all

lass of pattern-avoiding permutations of

whole genome dupli ation - random loss model

dupli ation-loss steps, [5℄.

A permutation

avoid π.

π1 , π2 . . . πk is denoted S(π1 , π2 , . . . , πk ).

Minimal permutations with

In the
of

π

as a pattern is said to

random loss

o

opy: this is the

urs: one

opy

whole genome

opy of every dupli ated

element is lost, so that we get a permutation at the end of the step. In [6℄
it was shown that the
given number

lass of permutations obtained in this model after a

p of steps is a

lass of pattern-avoiding permutations of nite

basis; in parti ular it was proved the following theorem.
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The lass of permutations obtainable in at most p steps in the
whole genome dupli ation - random loss model is a lass of pattern-avoiding
permutations whose basis Bd is nite and is omposed of the minimal permutations with d = 2p des ents, minimal being intended in the sense of ≺.

Theorem 1.4

In this paper, we fo us on the basis

Bd

of ex luded patterns appearing

in Theorem 1.4. More generally, we do not assume that
From here on, by minimal permutation with

d

d

is a power of

2.

des ents, we mean a permu-

tation that is minimal in the sense of the pattern-involvement relation
for the property of having

d

≺

des ents.

σ = 7 4 1 3 2 5 8 6 9 be a permutation with 4 des ents; σ is
4 des ents. Indeed, the elements 1 and 5 an be removed

Example 1.5 Let

not minimal with
from

σ

without

hanging the number of des ents.

π = 5321647

permutation

whi h is minimal with

Doing this, we obtain

4

des ents: it is impos-

sible to remove an element from it while preserving the number of des ents
equal to

4

4.

However,

des ents:

size

π

π

has size

is not of minimal

7

size

among the permutation with

whereas permutation

54312

4

has

des ents but

5.
A more exhaustive

in [5℄ and it

hara terization of minimal permutations is given

an be summarized in the following theorem giving a lo al

hara terization of minimal permutations with

d

des ents.

A permutation σ of size n is minimal with d des ents if
and only if it has exa tly d des ents and its as ents σi σi+1 are su h that
2 ≤ i ≤ n − 2 and σi−1 σi σi+1 σi+2 forms an o urren e of either the pattern
2143 or the pattern 3142.
Theorem 1.6

d

Here we are interested only in minimal permutations with
and size
two

2d.

Indeed, they

an have neither two

des ents

onse utive as ents, nor

onse utive des ents, otherwise it would be impossible to rea h size

2d.

Consequently, they all result from of an alternation of isolated des ents and
isolated as ents, of

ourse starting and ending with a des ent. Therefore,

su h a permutation always has

1

as its se ond element and

2d

in position

2d − 1.
Example 1.7 The permutation

namely

σ = 41627385,

of size

8,

has

4

des ents,

4, 6, 7, 8.

In the sequel we will only refer to minimal permutations of size
des ents, simply named  2d minimal permutations".

2d

with

d
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1.2

Outline of the paper

In this paper, we take into
and [8℄, for generating

2d

onsideration two algorithms, developed in [4℄

minimal permutations in Gray

ode order. We

rst prove that by using the original versions of the two algorithms, the
distan e between two

onse utive permutations is not

onstant. Then we

propose a new version of these algorithms and prove that two

onse utive

permutations dier in at most three positions, independently of their size.
In the next se tion we re all the ECO

onstru tion for these permuta-

tions rstly established in [5℄, proving that these permutations are enumerated by Catalan numbers. The generating algorithms and their improved
version are des ribed in Se tions 3 and 4, where we also prove that two
onse utive permutations in the list dier in at most three positions.

2 ECO generation of 2d minimal permutations
In this se tion we des ribe an ECO

ontru tion for

2d minimal permutations

that (though dierent) turns out to be the same as to the one provided in
[5℄. The ECO method [2℄ obtains
of size

n − 1,

ombinatorial obje ts of size

through a pro ess of

n from those

lo al expansion, whereby the obje

ts are

modied only by the addition of an elementary blo k of obje ts. Then, on e
the way of expanding the obje ts (2d minimal permutations in this

ase) is

label is given to ea h obje t. The label of an obje t is the number
sons, that is the number of obje ts that are obtained from it through

dened, a
of its

the lo al expansion pro ess.

Those sons

an again re eive a label by the

same method. The innite tree in whi h any permutation is the father of
its

hildren is

alled the

generating tree

of the

ombinatorial

By applying the ECO labelling method of the
it is often possible to derive a

su ession rule.

lass [1, 7℄.

ombinatorial obje ts,

This rule des ribes the

produ tion (in terms of labels) of the possible labels in the generating tree,
together with a starting point. The usual notation for a su

ession rule is

the following:

The axiom
mal size

Ω:



(a)

is the root of the generating tree

(a)
(k)

(e1 (k))(e2 (k)) . . . (ek (k))

k∈N.
orresponding to the mini-

ombinatorial obje t and ea h node with label

with labels

(e1 (k)), (e2 (k)), . . . , (ek (k))

The ECO label that is given to a

(ea h

2d

ei (k)

(k) generates k

sons

is an integer) [1, 7℄.

minimal permutation

σ

for this
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(2d − σ2d + 1), σ2d being the element of σ in position 2d. The
2d minimal permutations is the number d of des ents.
Consider a 2d minimal permutation σ with d des ents and ECO label
(k). Its sons are the minimal permutations (of size 2d + 2) with d + 1
des ents obtained by adding to the right of σ the element 2d + 2, in position
2d + 1, and i in position2d, for 2d + 2 − k ≤ i ≤ 2d + 1. The elements j in σ
with j ≥ i are turned into j + 1 in order to maintain both the relative order
of the elements of σ and the property that all the integers of [1..2d + 2] are
purpose is

growth parameter for

present in the new permutations exa tly on e.

k = 2d − σ2d + 1,

Sin e

it is easy to

permutations obtained in this way are

he k that all the

2d

minimal

orre t, and that all of them are

obtained.
Example 2.1 The minimal permutation with

(2) and its sons
214365 and 215364.

label

The ECO labels of the

k

sons of a

(k) are,
i + 1) with 2d + 2 − k ≤ i ≤ 2d + 1,
(2), (3), . . . (k), (k + 1).
The starting point for this ECO
whose ECO label is
Then, the su

2d

has ECO

3

des ents

d
(2(d + 1) −

minimal permutation with

that is to say the sons have labels

onstru tion is the minimal permutation

(2).



(2)
(k)

ession rule

by Catalan numbers

2143

by the above formula,

ession rule obtained for this ECO

permutation is

and this su

des ents

are the two minimal permutations with

des ents and with ECO label

21

2

Cd =

onstru tion of minimal

(2)(3) · · · (k)(k + 1)

orresponds to



1 2d
d+1 d

ombinatorial

lasses enumerated

[2℄ .

Figure 1 shows the beginning of the generating tree asso iated with this
ECO

onstru tion.

3 A rst Gray ode for 2d minimal permutations
Ea h

2d

minimal permutation

π

(the root is at level 1) and it

is a node at level

d

in the generating tree

an be asso iated to a word (or a

ode ),

d, w1 w2 . . . wd−1 wd , where ea h wi is the label at level i in the
path from the root to π . For example, in Figure 1 the ode asso iated to
the permutation 2143 is 22, while the one asso iated to the permutation
51627384 is 2345. In [4℄ an algorithm for generating odes for Catalan
of length
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21436587
21437586
21536487
21537486
21637485
31426587
31427586
31526487
31527486
31627485
41526387
41527386
41627385
51627384

214365
2143
215364
21

314265

315264

3142

415263

Figure 1: The rst four levels of the generating tree asso iated with the
ECO

onstru tion of

stru tures, that is

2d

minimal permutation

ombinatorial obje ts enumerated by Catalan numbers,

was dened su h that two

onse utive

generating algorithm is based on the so

odes dier only by one digit. This
alled

shifted produ tion.

The labels

of the sons of a node are not visited in the same order as they were in the
produ tion of the su

ession rule for Catalan numbers, where the list of the

h2, 3, . . . , k, k + 1i. In this ase the labels are
shifted in su h a way that the list s(k, i), of the labels of the sons of a node
with label k su h that the rst son has label i, is:

s(k, 2) = h2, k + 1, k, k − 1, . . . 4, 3i
s(k, i) = hi, i + 1, . . . , k − 1, k, k + 1, 2, 3, . . . , i − 1i, i 6= 2 .
su

essors of a label

The

(k)

is

omputation tree of the algorithm for

odes of length

4

is shown in

Figure 2; ea h leaf represents a unique

ode that is obtained by tra ing the

path from the root to the leaf. The list

L4

of all the

odes of length

4

is

L4 = h2222, 2223, 2233, 2234, 2232, 2332, 2334, 2333, 2343, 2344, 2345, 2342, 2322, 2323i
Remark that the rst and last

hildren of ea h node are always

In [4℄ the following theorem is proved.

2

or

3.
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2
3

2
2

3

3

4

2

2 3 3 4 2 2 4 3 3 4 5 2 2 3
Figure 2: Computation tree to generate

L4

in Gray

ode order

Two onse utive elements of the list Ln dier only by one

Theorem 3.1

digit.

That is to say that, using the above shifted produ tions, the algorithm
generates the
The basi

2d

odes for

minimal permutations in Gray

ode order.

idea behind the algorithm in [4℄ was generalized, in some sense,

in [8℄, where an algorithm for generating

ree table languages

in Gray

ode

order is developed.
Definition 3.2 A language

L over the alphabet Σ is said to be ree table

i > 1 there exist two distin t hara ters xi and yi in Σ su h
w1 w2 . . . wi−1 is a prex of a word in L then both w1 w2 . . . wi−1 xi
w1 w2 . . . wi−1 yi are also prexes of words in L.

if for every
that if
and

Sin e the

odes for the

language where

xi = 2

2d minimal permutations orrespond to a ree table
and yi = 3 ∀i, the algorithm developed in [8℄ an be

applied to generate the

odes in Gray

ode order. It is easy to prove that

both the algorithms in [4℄ and in [8℄ generate the same lists of
Two

onse utive

hold for the

odes.

odes dier only by one digit but this property does not

orresponding

2d

minimal permutations.

Proposition 3.3 Two words of the Gray ode, diering by one digit, orrespond to two 2d minimal permutations whi h dier by d elements at most.

Proof. We

an distinguish two

ases.

Two odes dier in the last digit.

Let us

onsider the two

odes

w1 w2 . . . wd−1 wd and w1 w2 . . . wd−1 zd and let σ , π be the two orresponding
2d minimal permutations. Following the ECO onstru tion given in Se tion 2 we have σ2d = 2d − wd + 1 and π2d = 2d − zd + 1. Sin e the odes
dier in the last digit, then σ and π are generated from the same minimal
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Codes
2222
2223
2233
2234
2232
2332
2334
Table 1: The
of size

8

Minimal
permutations
21436587
21437586
21537486
21637485
21536487
31526487
31627485

odes of length

with

4

Codes
2333
2343
2344
2345
2342
2322
2323

4 and the

Minimal
permutations
31527486
41527386
41627385
51627384
41526387
31426587
31427586

orresponding minimal permutations

des ents

2d − 2 by adding the value 2d in position 2d − 1 and
σ2d and π2d , respe tively, in position 2d.
Let zd = wd + h, with h > 0; then π2d = 2d − wd − h + 1 = σ2d − h. In
σ the elements j of τ with j ≥ σ2d are turned into j + 1, while in π those
≥ π2d are turned into j + 1, that is to say the elements that are greater
than or equal to (σ2d − h). Therefore σ e π dier by h + 1 elements (the
last one and the h additional elements in reased in π ).
If zd = wd − h (h > 0), then π2d = σ2d + h. Therefore σ e π dier again
by h + 1 elements.
It is well-known that 2 ≤ wd ≤ d + 1, hen e h ≤ (d − 1). Therefore the two
minimal permutations dier by d elements at most.
permutation

τ

of size

then the values

Two odes dier by two digits whi h are not the last ones.
us

onsider the two

zj wj+1 . . . wd .

We

odes

w1 w2 . . . wj−1 wj wj+1 . . . wd

and

an apply the same argument of the previous

σ e π of size 2j

Let

w1 w2 . . . wj−1
ase to the

w1 w2 . . . wj−1 wj
and w1 w2 . . . wj−1 zj , respe tively. Indeed, the appending of the digit wj+1
to the ode implies to add the pair (2j + 2, 2j − wj+1 + 3) on the right
of σ (resp. π ); likewise for the digits wj+2 , . . . , wd . Hen e the two minimal permutations orresponding to odes w1 w2 . . . wj−1 wj wj+1 . . . wd and
w1 w2 . . . wj−1 zj wj+1 . . . wd are equal in positions 2j+1, 2j+2, . . . , 2d. Again
the two minimal permutations dier by h + 1 elements, with h = |wj − zj |,
that is by j elements at most.
2
minimal permutations

Example 3.4 Table 1 shows the list

mutations of size

8

with

4

orresponding to

L4 and the

odes

orresponding minimal per-

des ents. The underlined elements in a minimal

permutation denote the dieren es

ompared to the pre eding one.
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4 An improved Gray ode
Two

2d

minimal permutations dier by

d

elements, at most, be ause the
onstant and it is

d1,

at most. Therefore, the dieren e between the two dierent digits in

on-

dieren e between the two dierent digits is not
se utive

odes sets the number of dierent elements in the

orresponding

minimal permutations. A possible proposal is to modify the order of elements in the shifted list of sons

s(k, i).

Note that:

•

the proof of Theorem 3.1 given in [4℄ is based on the fa t that the rst
element of

•

in the

s(k, i)

is always

ase of Catalan stru tures, only

onstru tion of list

•

i,
s(k, 2)

and

s(k, 3)

o

ur in the

Ln ,

Theorem 3.1 still holds if the list of sons

s(k, i)

is altered without

modifying the rst elements, whi h will be always 2 or 3,

•

in the algorithm developed in [8℄ the spe ial
used as the rst and last
order of the other

hara ters

hildren of ea h node at level

xi and yi
i − 1 and

are
the

hildren does not matter.

The new shifted produ tions are so dened:

• k

even
even

z
}|
{
s(k, 2) = h2, 4, . . . k − 2, k, k + 1, k − 1, . . . 5, 3i
|
{z
}
odd
even

}|
{
z
s(k, 3) = h3, 5, . . . k − 1, k + 1, k, k − 2, . . . 4, 2i
{z
}
|
odd

• k

odd

even

z
}|
{
s(k, 2) = h2, 4, . . . k − 1, k + 1, k, k − 2, . . . 5, 3i
{z
}
|
odd
even

z
}|
{
s(k, 3) = h3, 5, . . . k − 2, k , k + 1, k − 1, . . . 4, 2i
|
{z
}
odd

Example 4.1 Applying the above denitions of

s(k, 2) and s(k, 3) we have:
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s(2, 2) = h2, 3i
s(3, 2) = h2, 4, 3i
s(4, 2) = h2, 4, 5, 3i
The new denitions of

s(k, i)

s(2, 3) = h3, 2i
s(3, 3) = h3, 4, 2i
s(4, 3) = h3, 5, 4, 2i

an be dire tly used in the algorithm in [4℄,

while the pro edure GrayCode(t) given in [8℄ must be updated as shown in
Figure 3. In parti ular, in the

for ea h loop the values of z must be taken

in the order established by the shifted produ tion and the
or not

w1 . . . wt−1 z

word in

Ln

is a prex of some word in

for ea h

Ln

he k whether

is dropped (we obtain a

z ).

pro edure GrayCode(t)
begin
if (t > n) then Pro ess(w)
else r := wt
GrayCode(t + 1)

for ea h z ∈ s(wt−1 , wt ) - {xt , yt }
wt := z

GrayCode(t + 1)

if (r = xt ) then wt := yt
else wt := xt
end

GrayCode(t + 1)

Figure 3: New version of the algorithm GrayCode(t)

Example 4.2 By using the new denitions of

s(k, i),

the

omputation tree

of both the algorithms in [4℄ and in [8℄ is given in Figure 4.
The dierent digits in the two
most. Therefore we

onse utive

odes obtained dier by 2, at

an state the following proposition.

Proposition 4.3 The minimal permutations orresponding to two onse utive odes obtained by means of the new denitions of s(k, i) dier in 3
elements, at most, independently of their size.

In [4℄ the authors present a non-re ursive algorithm to generate any
of length

d

ode

based on the algorithm of Walsh [9℄ and they prove that their

algorithm is

O(1)

worst- ase time per word.

introdu tion of the new denitions of
of the pro edure given in [4℄.

It is easy to prove that the

s(k, i) does not

hange the

omplexity
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2
3

2
2

3

3

4

2

2 3 3 4 2 2 4 3 3 5 4 2 2 3
Figure 4: Computation tree to generate

L4 with the new shifted produ

tions

In [8℄ the following theorem is proved.

The algorithm GrayCode(t) runs in a onstant amortized
time if the following two onditions hold:
Theorem 4.4

1. he king whether or not w1 . . . wt−1 z is a prex of some word in Ln
takes O(1) time and
2. ea h internal node in the omputation tree has Θ(| Σ |) hildren.
In the new version of the algorithm GrayCode(t) the
1. is dropped and every internal node with value

k

has

the new version of the algorithm GrayCode(t) runs in a

he k in

k

ondition

hildren. Then,

onstant amortized

time, too.
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