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Abstract. We g-enumerate here, by the i-major index, the class of permutations of S,
with largest increasing subsequence of size n — k and increasing first n — k entries. The
result is obtained by a surprisingly straightforward use of the Schur row adder. Some
closely related open problems are also included.
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1 Introduction

Let us denote by IL, j, the collection of permutations of o = (01,02, ...,0,) €
S, with
o1 <09 <...<0p—k (1)

and no increasing subsequence of length > n — k. Let C,j; denote the
collection of signed colored permutations of .S, such that

1

each entry is red or blue

2

the blue entries are increasing

3

the first n — k entries are blue

)
)
)
)

4 (_1)#blue last k

the sign is

We can construct the elements of C,j by first choosing which 7 of the
last k entries will be red, then filling these entries in all possible ways with r
of the integers 1,2, ..., n and finally placing the complementary n—r entries
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with the remaining integers in increasing order. This creates elements of
C,r with & — 7 blue entries among the last k. Thus follows that we have

r
Uecnk r=0

k
. k _
Z sign(o) = Z < >(—1)k "nn—1)---(n—7r+1) (2)
Now it was noticed in [2], and proved, using the Theory of Character
Polynomials, that

T
r=0

k
4L, = 3 (’“)(—1)’%@— (1), 3)

This identity strongly suggests that #IL,x could be enumerated by using
this surprising connection of Il,; with C,x to obtain (3) as a simple direct
application of the inclusion exclusion principle. To this date no such proof
has been found.

We will prove here that if we set

M(q) = Y "

o€l i

where imaj(c) = maj(oc~1), we also have

k
Mole) = Z(‘“)(—mk-ﬂn]q[n—1]q---[n—r+uq. ()

T
r=0

In march 2008, in a talk at the MIT combinatorics seminar, the author
offered 100$ for an elementary proof of (3). Subsequently a number of
tentative solutions were proposed to the author. The winner solution was
submitted by Greta Panova who was able to extend her method to obtain
also the g-analogue in (4).

We will present here our original symmetric function proof of (4) since
the identities and manipulations involved in the proof should be at least
as significant as the result itself. We will leave it to Panova to present her
proof of (4) in a separate publication.

The crucial ingredient in our proof is the symmetric function operator

Hy = 3 (1) hpyrey (5)

r>0
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where “e:-” denotes the operator adjoint of multiplication by e, with respect
to the Hall scalar product. In particular we will use here the fact that

n 3)\/177 lfTSl(A),
€r 82 { 0, otherwise.
It is well known [10] that if p - k and n — k is at least as large as the

first part of u we have

S(n—k,u) (l’) - anks,u(x)' (6)

In other words we can use H,, to add a row of length m to the index of a
Schur function. For this reason H,, is sometimes referred to as the “Schur
row adder”. 1t also goes by such fancy names as a “vertex operator 7. All this
not withstanding, the identity in (6) is easily seen to be but an immediate
consequence of the well known Jacobi Trudi identities expressing a skew
Schur function in terms of the homogeneous symmetric function basis. To
see this simply note that we have

hs hg hs
8332 = det h2 h3 h4
1 1 ho

. h3 h4 hQ h4 h2 h3
= hgdet<h1 h2> —h4det< 1 h2> —l—h5det< 1 h1>'
(7)

Now it follows again from the Jacobi Trudi identities that

h3 h5 h2 h5 _

det< h1 h2 ) 5392, det( 1 h2 > = 532/1,
hy h

det( 12 h? ) = 832/11

Thus (7) is none other than

s332 = hgss2 — hasgy + hsssom

which is an instance of (6). This kind of proof of (7) may be more digestible
to most practicioners of symmetric function theory. Actually, (6) is quite
a bit more elementary than the Jacobi Trudi identities. Indeed, it can be
shown (see [2]) that it is an immediate consequence of Frobenius original
construction of the irreducible characters of .S),.
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We will show in the end that the operator H,, can be also used to
prove the existence of several ¢,t analogues of (4). We will leave as an
open problem to discover the nature of the permutation statistics that are
involved in the corresponding ¢, {-enumerations.

2 The g-enumeration

Before we can proceed with our proof, we need to make preliminary obser-
vations and establish some auxiliary identities.

Recall that a theorem of Schensted [11] states that the permutations of
S, with maximal increasing subsequences of length m are precisely those
whose pairs of tableaux under the Robinson Schensted correspondence have
a first row of length m. Moreover, if o — (P, Q) under RS then the condition
in (1) holds if and only if @ has

1,2,...n—k

in its first row. It follows then that to construct an element o € II,
we simply take a pair of standard tableaux P, @ of shape (n — k, x) with
Q@ having 1,2,...n — k in the first row and then get o by reversing the
Robinson Schensted correspondence on the pair (P, Q). More precisely, we
have

. = RS J{(PQ): PQeST(n—kp) &
ukk

the first row of Q is 1,2,...n—k} (8)

Note that to obtain a standard tableau of shape (n—k, u) with 1,2,...,n—
k in its first row we need only take a standard tableau of shape p, add
n — k to its entries and prepend to the resulting tableau a row of length
n — k containing 1,2,...n —k from left to right. It follows from this simple
observation, that, at least for n > 2k, the polynomial I1,, x(q) may be
computed by means of the following identity.

ProprosITION 2.1

Moilg) = Y fu D>, ™90 (9)

pkk PeST(n—k,u)

(N To assure that for each p - k, (n — k, 1) is a partition
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Proof. Tt is well known that if, under the RS correspondence, a permutation
o maps to the pair (P, Q) then the descent set of the inverse of o is given by
the descent set of P. The latter being the set of ¢ such that ¢ + 1 is NW of
in P (in the french depiction of P). Thus (9) is an immediate consequence
of (8). O

This given, the proof of (4) is reduced to symmetric function manipula-
tions by the following auxiliary result.

THEOREM 2.2 Setting

¢n,k = Zf,usnfk,y (10)
ukk
we have, for n > 2k
Hn,k(q) = <¢)n,k’7 Hn> (11)

where <, > denotes the Hall scalar product of symmetric functions and H,
denotes the graded Frobenius characteristic of the Harmonics of Sy,.

Hu(z:9) = (6,000 _sa@)sa[t] = D_sal@) > ¢™") (12)
Aen Aen PeST(N)
with
(¢ = 1—q)(1—¢*)--(1—q").

In particular, using the the identity e} = > ., fasx ([10] p. 114 ,(7.6) )
we also derive that

#Hn,k = Hn,k(l) = <¢n,k’e7ll>‘ (13)

Proof. Using the expansions in (10) and (12), the orthonormality of the
Schur function basis with respect to the Hall scalar product gives

(i ) = S ulsaig ) = S f Y g

ukk utk  PeST(n—k,u)

Thus (11) is only another way of writing (9). O

To compute the scalar product in (11) we will use the “row adding ”
formula in (6). In fact, this enables us to convert (11) and (13) into the
following identities.
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PROPOSITION 2.3

k

tae) = 3 (5) -0 (hoset ) (14)
s=0
k

#i = 3 (5) 0 (e ) (15)
s=0

Proof. Using (6) we may write

(bn,k = qusn—k,u = qu H, Sp = H, qu Sp = Hn—kellg‘
ukk ukk ukk
(16)
But (5) gives
H, e} = Z(—l)r Pt er
r>0

and since e; = p; we have (by the linearity of the “1” operator)

Lk

Y y4i 1 1 _ k _
eref =y pr = ﬁaglplf: ﬁk(k—l)"'(k—r'i‘l)plf "= < >€]f '
pEr

(16) becomes

Snp = D (k>(—1)rhn_k+r ek (17)

r
r>0

Using this in (11) and (13) gives

Hn,k(Q) = Z (k> (_1)7" <hn—k+7' elf_r ) Hn>

r
r>0

and

k
#Hn,k = Z ( >(_]—)T <hn—k+r 6]1677”’ 6?>

r
r>0

and the proof of (14) and (15) is completed by the change of summation
index r — k — s. n

This brings us in a position to give our
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Proof of (4). As a warm up let us show how we can quickly dispose of (3).
In fact, (15) gives

#Hn,k =

(5) 0 (ot )

S

w
B ||Ma
o

_ (k) (=15 (Bp_s s () "€l

s=0 5
k

= <I:>(1)k_s n(n—=1)-(n—=s+1)(hns, &)
s=0

and (9) follows since the orthonormality of the Schur functions gives

<hn—57 671178> = Z fu<5n—s, 5u> =1L

pEn—s

The derivation of (4) is a little more elaborate. To begin we must recall
that we have (see [10] Ch. 5)

S D = (@@L ) = (@ @[]
PeST(N)

Thus, using the Cauchy formula h,[AB] = >, sa[A]sa[B] with A = X

and B = l%q, the expansion in (12) may also be rewritten in the simple
plethystic form
f{n(w§Q) = (CLQ)TL hn[%,q] (18)
and we can write
(hn-sel, Hn) = (¢, @)n(hn-se], hn[$2]). (19)

To compute the latter scalar product, we have a cute trick that considerably
simplifies our calculations. Namely, it follows from the definition of the Hall
scalar product that for any two power basis elements p,, pg we have

(alX], ps[55]) = Xla=08)zps[rh;] = x(a=B)zapalily]
= (palZ]), polX]).
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Using this (19) becomes

< n— 5617 n> = (Q7Q)Tb<h”—s[1i] [ ] >

_ [%q]ef, hn>

(9, Dn s
= = )s Ro—s [%q] , (el)Lhn>
(g,
= (1 = <hn s[5 q] Pn—s) (20)
and since (18) and (12) yield
(%Q)n—s hp—s [%q] = ﬁn—s(x§Q) = Z Z qma]
AFn—s PEST()\
it follows that
1 1
hn—s X 7hn—5 = 7N Hn S hn s =
{ins 15 ) (¢ Q)n— s< ) (¢ Q)n—s
and (20) becomes
<hn sei 3 I"In> - ((LQ)n ! - ! HZ 1(1 — 4 )

(1-9)* (¢ @)n-s (=@ T['5(1 - ¢)
= [n}q[n—l]q~--[n—s—|—1]q.

Using this in (14) completes our proof of (4). O

3 A ¢,t-enumeration problem

Garsia-Haiman in [4] introduced rescaled versions H,,(X;q,t) of the Mac-
donald polynomials and conjectured that, for u - n they are the Frobenius
characteristics of certain g, t-analogues of the left regular representation of
Sp. In particular it follows that

H(X:a1)|, = e (21)

Moreover it is also shown in [4] that for p a single row or a single column
we have
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In view of our preceding considerations, these two facts suggest that we
should also study, for each p F n the following g, t-analogues of the polyno-
mial in (11), namely

Huk q,t <¢nk > > (23)

Note that from (21) and our proof of (4) it follows that for all u - n we
have

k
H“’k(q’t)‘t = Z <k) (=) "n(n—-1)---(n—7r+1). (24)
q= —0 r

Moreover, it is also shown in [4] that we have the Schur function expansions

H X g, t ZSA K)\u q, ) (25)
AFn

where .
KAM(Qvt) = T,LLK)\;L(qa 1/t)

with K, (q,t) the original [10] Macdonald ¢,t Kostka coefficients and T}, =
g (1) Since the Garsia-Haiman conjectures were eventually proved
by Mark Haiman in [9] it is now a theorem that for each pair A, p the
polynomial Ky,(g,t) has positive integer coefficients. Now using (25) in
(23), the definition in (10) (with p replaced by v ) gives

quf((nfk,u),u(%t)‘ (26)

vk

Thus it is also a theorem (albeit not at all trivial) that this polynomial has
also positive integer coefficients. So the question then arises:

What is 11, 1(q,t) q,t-enumerating and by what statistics?

A strong clue in trying to answer this question is the result of Haglund-
Haiman-Loehr in [8] yielding a combinatorial formula for the polynomials
I:[“(X; q,t). To be more explicit, we need to give a version of the Haglund-
Haiman-Loehr construction in a notation that is more suitable to the present
context.

Chosen a p = n , for each permutation o = (01,092,...,0,) € Sy, let
T, (o) be the injective tableau obtained by filling the cells of the (french)

P
() For po= (pur, pa, - -, pux) we set n(p) = (i — 1)pus
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Ferrers diagram of p with the entries 01,09, ...,0y,, by rows proceeding
from top to bottom and from left to right. Now, denoting by T;; the
entry of a tableau T that is in the i*" row (starting from the bottom)
and in the j* column (from left to right), Jim Haglund introduced, for

w= (g1, 2, ..., pr), the statistic

k
im}u(T) = Z X(Tl,i > T1,j) + Z Z E(TTfl,iaTT,i,TT',j)'

1<i<j<m r=2 1<i<j<pr
(27)
Where for three distinct integers a, b, ¢ he sets

E(a,b,c) = x(a<e<b) +x(b<a<ec) + x(c<b<a).
More visually, (27) simply consists adding to the number of inversions in the

first row of T', the number of triplets [ TTM T ] of T that admit
r—1,

an increasing counterclockwise cyclic rearrangement. Denoting by C;(T)
the word obtained by reading the j** column of T from top to bottom, Jim
Haglund also sets

7
maj,(T) = > maj(C;(T)). (28)
j=1
This given, Haglund-Haiman-Loehr in [8] prove that
Hy(X;q,t) = ) g™ (7)) g (T(g))Qides(cr) [X] (29)
oESh

where for a subset S C [1,2,...,n — 1] the symbol Qg[X] denotes the
corresponding Gessel quasi-symmetric polynomial and “ides(c)” denotes
the descent set of o~!. For our needs here we do not need the explicit

definition of Qg[X] since Gessel in 7] showed that if the polynomial

PIX] = > CsQslX]
SC[1,2,....,n—1]
is symmetric then for any p = (p1,p2,...,pr) composition of n, then the

Hall scalar product
<P’ hp1 hpz e h’plc—lhpk>
evaluates to the sum

> Cs.

SC{p1,p1+Dp2,....p1+DP2++Pr_1}
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In particular, using this fact together with (29), we can immediately derive
a combinatorial interpretation for the scalar product

<}§ﬁ7 hn—s€i>
as being none other than the sum
(Hy, hn—shs)

= 3 g (1) grain (T@) s (ides(o) C {n—s+1,...,n—1,n})
oc€Sn

Z qu“ (T(U*I))tmaju (T(afl))X(O-l <Oy < ... < Ops) (30)
UGSn

This given, it is easy to see that, starting from the definition in (23) and
using (17), the same calculations we carried out in the proof of Proposition
(9) vield us the identity

Hu,k(Qv t)

Lk . ) e ;
= (3> (_1)k—s Z g (T(U* )) £madu (T(U* ))X(gl <09 < ... < Ops)
0

S o€Sp

(31)

which is precisely a ¢, t-analogue of the right-hand side of (2). That is we
have
Muslat) = 3 signo)g™(T@)mein(T@) - (39)

ceCphik

Since we have noted that the resulting polynomial has positive coefficients
we are again led to conclude that there must be another inclusion-exclusion
mechanism underlying this identity.

The first impulse is to suspect that (31) should simply reduce to

Mula.t) = Y ¢m(7@)gmoan(re), (33)

UEHn,k

In fact, computer experimentations, have revealed that this is true in a
variety of cases but not true in full generality. We are grateful to Greta
Panova for pointing out this fact. This circumstance adds a further puzzling
aspect to our ¢, t-enumeration problem.
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Representing a polynomial

2 3
2D agt'd

i=0 j=0

by the matrix
€20 €21 €22 (23
€10 C1,1 €12 €13
€00 Co,1 €02 €03

Here are a few samples:

SN =

\V]

o O

N

— w o

N Ot =

N = O

w w o

N = O

1 1 0 1
Mpoa(gt)=10 1 1|, 39 2(q,t) = | 0
0 0 1 0

1 10 0 0 O

H[472]72(q,t) = 0 2 4 3 1 0

0 01 2 31
1 1.0 00 0 00
H[5’2]72(q,t) = O 2 4 4 3 1 O 0
0 01 2 3 4 21
1 2 2 10 1
Hiz32(¢,t) =10 2 3 3 1|, Hygolegt)=10
0 01 2 1 0
1 221 00 00
H[573],2(q,t) = 0 2 4 6 5 3 1 O
0 01 2 3 4 31
1 221 00000
Mga2(g.t)= | 0 2 65310
001 2 3 45 4 2

1 22 1 0 0 0 O

03 9 14 14 9 4 1
Mpas@t) =10 g 3 9 18 23 20 12
000 1 3 6 9 11

0 = O O
w = o o
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Note that, even if we identify what is being ¢, t-counted, to complete the
picture we should try to get an explicit formula for the polynomial

F,u,S((Lt) = <I~{uahn—shi> (34)

which, if none other, should be a ¢, t-analogue of n(n —1)---(n — s+ 1).

It is interesting to note that some of the Macdonald polynomial machin-
ery developed in [1] and [3], may be used to solve also this portion of our
puzzle. To see how this comes about, we begin by writing I';, s(¢,t) in the
form

r, = (et Hy, hpshi™h) (35)
then use the “dual Pieri Rule” (See [5])
et Hu(X5q,t) = > culq,t)H, (36)
v—p

and obtain the recursion

u s Qa Z C;w q,t /L 9—1(q7t)~ (37)

V=l

Explicit combinatorial expressions for the coefficients ¢, (q,t) were derived
in [6] from the original [10] Stanley-Macdonald Pieri rules. Since they turned
out to be some pretty fierce rational functions, several identities were de-
veloped in [3] (see also [1]) for the evaluations of such sums as in (37). One
of the summation formulas can be stated as follows

THEOREM 3.1 Let V be the operator whose action on symmetric functions
1s defined by setting for all p

VH, = T,H, (38)
and for each partition p set

Z ]l’Ll (39)

J)Ew

where “(i,7) € p” is to signify that the sum is over the cells of the Ferrers
diagram of @ with 1,5 the cartesian coordinates of the NE corner of a cell.
Then for any symmetric function F we have

> (g, t) FIMB, —1] = G[MB, —1]
V—lL

(with M = (1 - £)(1 - q)),

(M «y - w7 is to signify that v is obtained from p by removing a corner square



246 A. M. GARSIA

where
GIX] = Vv 'aHvrx). (40)

Now it was shown in [4]| that we have

Y cuwlat) = Bulg.t) (41)

V=l

and since we also have for uFn
Luolg,t < > = 1L
using (41) in (37) for s = 1 we derive that
Lui(g,t) = Bulg,t)

which is as beautiful a ¢, t-analogue of n as we could desire. Using this, the
recursion in (37), for s = 2 gives

Fﬁ%?(q? t) = Z clw(q? t)BV(Q7 t)

v—
= D cwle )P [MB, 1]
V—)/J/
(by Theorem 3.1) = VvV 'adlvaddliyp, —1]

_ 2
= v i(ath)*[MB, —1]
since the definition in (38) gives

ext+tl _ e+l
\% M - M

and we can easily see that iterating this process yields the general formula
Ius(q,t) = V() [MB, —1]. (42)

This can be made more explicit by eliminating the presence of V by means
of the identity (see [3])
VeV = D} (43)

where D7 is but one instance of the family of symmetric function operators
defined by the plethystic formula

D} F[X] = ( — 1N oy, )

m>0

(44)
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In fact, since V1 = 1, using (43), we can write
Vil = vVl = DY

and (42) becomes

Puslat) = (Z57) 1[MB, 1] (45)

yielding as a g, t-analogue of (4) the formula

(g, t) = Zk: (k)(—n’” (D}k\jl)s 1[MB, —1]. (46)

r
r=0

We will leave it to further work to work out, if possible, a more explicit
version of this identity.
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