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Abstract. This paper is a continuation of the systematic study of the distributions of quadrant marked mesh patterns
initiated in [6]. Given a permutation ¢ = o1 --- 0y, in the symmetric group S,, we say that o; matches the quadrant
marked mesh pattern MM P(a,b, c,d) if there are at least a elements to the right of o; in o that are greater than o;, at
least b elements to left of o; in o that are greater than o;, at least ¢ elements to left of o; in o that are less than o;,
and at least d elements to the right of o; in o that are less than o;. We study the distribution of MM P(a,b,¢c,d) in
132-avoiding permutations. In particular, we study the distribution of M M P(a, b, ¢, d), where only one of the parameters
a, b, ¢, d are non-zero. In subsequent papers [7, 8], we will study the the distribution of M M P(a,b,c,d) in 132-avoiding
permutations where at least two of the parameters a, b, ¢, d are non-zero.
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1 Introduction

The notion of mesh patterns was introduced by Briandén and Claesson [1] to provide explicit expansions
for certain permutation statistics as (possibly infinite) linear combinations of (classical) permutation
patterns. This notion was further studied in [4, 6, 11]. The present paper, as well as the upcoming
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papers [7, 8], are continuations of the systematic study of distributions of quadrant marked mesh
patterns on permutations initiated by Kitaev and Remmel [6].

In this paper, we study the number of occurrences of what we call quadrant marked mesh patterns.
To start with, let 0 = o1 --- 0, be a permutation written in one-line notation. Then we will consider
the graph of o, G(0), to be the set of points {(i,0;) : 1 < ¢ < n}. For example, the graph of the
permutation o = 471569283 is pictured in Figure 1. Then if we draw a coordinate system centered at
a point (i,0;), we will be interested in the points that lie in the four quadrants I, II, III, and IV of
that coordinate system as pictured in Figure 1. For any a,b,c,d € N, where N = {0,1,2,...} is the
set of natural numbers, we say that o; matches the quadrant marked mesh pattern MM P(a,b,c,d)
in o if, in the coordinate system centered at (i,0;), G(o) has at least a points in quadrant I, at least
b points in quadrant II, at least ¢ points in quadrant ITI, and at least d points in quadrant IV. For
example, if o = 471569283, then o4 = 5 matches MM P(2,1,2,1), since relative to the coordinate
system with origin (4,5), G(o) has 3, 1, 2, and 2 points in quadrants I, IT, ITI, and IV, respectively.
Note that if a coordinate in MM P(a,b,c,d) is 0, then there is no condition imposed on the points in
the corresponding quadrant.

In addition, we shall consider quadrant marked mesh patterns M M P(a,b,c,d) where a,b,c,d €
NU{0}. Here, when a coordinate of MM P(a, b, c,d) is (), there must be no points in the corresponding
quadrant for o; to match MM P(a,b,c,d) in o. For example, if o = 471569283, then o3 = 1 matches
MMP(4,2,0,0), since relative to the coordinate system with origin (3,1), G(o) has 6, 2, 0, and 0
points in quadrants I, IL, III, and IV, respectively. We let mmp(%*©9(g) denote the number of i such
that o; matches MM P(a,b,c,d) in o.

Figure 1: The graph of o = 471569283.

Note how the (two-dimensional) notation of Ulfarsson [11] for marked mesh patterns corresponds
to our (one-line) notation for quadrant marked mesh patterns. For example,

MMP(0,0, k, 0) = , MMP(k,0,0,0) = ,
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MMP (0, a, b, c) = , and  MMP(0,0,0,k) =

u

Given a sequence w = wj ---w, of distinct integers, let red(w) be the permutation found by
replacing the ith largest integer that appears in w by i. For example, if w = 2754, then red(w) = 1432.
Given a permutation 7 = 7 ---7; € S;, we say that the pattern 7 occurs in o € S, if there exist
1 <4y <--- <i; < nsuch that red(oy, -+~ 0;,) = 7. We say that a permutation o avoids the pattern 7
if 7 does not occur in 0. We will let S,,(7) denote the set of permutations in S,, that avoid 7. In the
theory of permutation patterns, 7 is called a classical pattern. See [5] for a comprehensive introduction
to the area of permutation patterns.

It has been a rather popular direction of research in the literature on permutation patterns to study
permutations avoiding a 3-letter pattern subject to extra restrictions (see [5, Subsection 6.1.5]). The
main goal of this paper and the upcoming papers |7, 8| is to study the generating functions

QP (ta) =1+ t"Q\ " (@), (1)

n>1

where for any a,b,c,d € NU {0},

SR M )
0€5Sn(132)
More precisely, we will study the generating functions Q%’;’c’d)(t, x) in all cases where exactly one of
the coordinates a, b, c,d is non-zero and the remaining coordinates are 0 plus the generating functions
%’20’@’0)( t,x) and Qg(g;)ko (t,z). In |7, 8], we will study the generating functions QI%Qde)( t,x) for
a,b,c,d € N where at least two of the parameters a, b, ¢, d are greater than 0.
For example, here are two tables of statistics for S3(132) that we will be interested in.

o mmp(170,070) (U) mmp(0,170,0) (0') mmp(0,071,0) (0') mmp(070,071) (U)

123 2 0 2 0
213 2 1 1 1
231 1 1 1 2
312 1 2 1 1
321 0 2 0 2

o mmp(Q’O’O’O) (U) mmp(O’Q’O’O) (0') mmp(O’O’Q’O) (0') mmp(O’O’O’Q) (U)

123 1 0 1 0
213 0 0 1 0
231 0 1 0 0
312 0 0 0 1
321 0 1 0 1

Note that there is one obvious symmetry in this case. That is, we have the following lemma.
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LEMMA 1.1 For any a,b,c,d € NU {0}, Qiﬁ’&’g’d)(x) = Qiﬁ’fgzc’b)(x).

Proof. If we start with the graph G(o) of a permutation o € S,(132) and reflect the graph about the
line y = x, then we get the permutation o1, which is also in S,,(132). Tt is easy to see that points in
quadrants I, II, III, and IV in the coordinate system with origin (i,0;) in G(o) will reflect to points
in quadrants T, IV, IIT, and II, respectively, in the coordinate system with origin (0;,4) in G(o~1). Tt
follows that the map o — o~! shows that Q,(z’llgg’d) (x) = Q,(z’l(é’g’b) (). O

As a matter of fact, avoidance of a marked mesh pattern MM P(a,b,c,d) with a,b,c,d € N can
always be expressed in terms of multi-avoidance of (usually many) classical patterns. For example,
a permutation o € S, avoids the pattern MM P(2,0,0,0) if and only if it avoids both 123 and 132.
Thus, among our results we will re-derive several known facts in the permutation patterns theory and
get seemly new enumeration of permutations avoiding simultaneously the patterns 132 and 1234 (see
the discussion right below (13)). However, our main goals are more ambitious in that we will compute
the generating function for the distribution of the occurrences of the pattern in question, not just the
generating function for the number of permutations that avoid the pattern.

For any a,b,c,d, we will write Qg’gg’d)(m)uk for the coefficient of z* in Qg’gg’d)(m). We shall
(a7b7c7d)

also show that sequences of the form (@, 135" ()| )n>s count a variety of combinatorial objects that
appear in the On-line Encyclopedia of Integer Sequences (OEIS) [9]. Thus, our results will give new
combinatorial interpretations of such classical sequences as the Fine numbers and the Fibonacci num-
bers, as well as provide certain sequences that appear in the OEIS with a combinatorial interpretation
where none had existed before.

2 Connections with other combinatorial objects

It is well-known that the cardinality of S,,(132) is the nth Catalan number C,, = n#“(%?) There are
many combinatorial interpretations of the Catalan numbers. For example, in his book [10], Stanley
lists 66 different combinatorial interpretations of the Catalan numbers, and he gives many more com-
binatorial interpretations of the Catalan numbers on his web site. Hence, any time one has a natural
bijection from S,,(132) into a set of combinatorial objects O,, counted by the nth Catalan number, one
can use the bijection to transfer our statistics mmp(®*%% to corresponding statistics on the elements
of O,. In this section, we shall briefly describe some of these statistics in two of the most well-known
interpretations of the Catalan numbers, namely Dyck paths and binary trees.

A Dyck path of length 2n is a path that starts at (0,0) and ends at the point (2n,0) that consists
of a sequence of up-steps (1,1) and down-steps (1,—1) such that the path always stays on or above
the z-axis. We will generally encode a Dyck path by its sequence of up-steps and down-steps. Let Dy,
denote the set of Dyck paths of length 2n. Then it is easy to construct a bijection ¢, : S5, (132) — Day,
by induction. To define ¢,,, we need to define the lifting of a path P € Dy, to a path L(P) € Doy 42.
Here L(P) is constructed by simply appending an up-step at the start of P and a down-step at the
end of P. That is, if P = (p1,...,pan), then L(P) = ((1,1),p1,...,pan,(1,—1)). An example of this
map is pictured in Figure 2. If P; € Dy, and Ps € Dy, o, we let Py P, denote the element of Dy, that
consists of the path P; followed by the path Ps.

To define ¢,,, we first let ¢1(1) = ((1,1),(1,—1)). For any n > 1 and any o € S,(132), we define
¢n(0) by cases as follows.
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o 1 2 3 4 5 6 7 8 9 10 1 12

L(P) =

o 1 2 3 4 5 6 7 8 9 10 1 12

Figure 2: The lifting of a Dyck path.

Case 1. 0, = n.
Then ¢n(a) = L(an—l(o'l tee Un—l))-

Case 2. g; = n, where 1 <i < n. In this case, ¢,(c) = P, P,, where
P1 = gbi(red(al .. Uz)) and P2 = an,i(red(JiJrl e O'n)) = gbn,i(O'Z’Jrl s O'n).

We have pictured this map for the first few values of n by listing the permutation o on the left
and the value of ¢, (c) on the right in Figure 3.

Suppose we are given a path P = (p1,...,p2,) € Day,. Then we say that a step p; has height s if
p; is an up-step and the right-hand end point of p; is (4, s) or p; is a down-step and the left-hand end
point of p; is (i — 1,s). We say that (p;,...,pirok—1) is an interval of length 2k if p; is an up-step,
Pit+2k—1 is @ down-step, p; and p;1or—1 have height 1, and, for all ¢ < j < i+ 2k — 1, the height of p; is
strictly greater than 1. Thus, an interval is a segment of the path that starts and ends on the z-axis
but does not hit the z-axis in between. For example, if we consider the path ¢3(312) = (p1,...,p¢)
pictured in Figure 3, then the heights of the steps reading from left to right are 1,1,1,2,2,1 and there
are two intervals, one of length 2 consisting of (p1,p2) and one of length 4 consisting of (ps, p4, ps, D6)-

The following theorem is straightforward to prove by induction.

THEOREM 2.1 Let k> 1.

1. For any o € S,(132), mmp*099) () is equal to the number of up-steps (equivalently, to the
number of down-steps) of height >k + 1 in ¢, (o).
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Figure 3: Some initial values of the map ¢,.

2. For any o € S,(132), 1 plus the mazimum k such that mmp(9%0)(5) #£ 0 is equal to one half
the mazimum length of an interval in ¢n(0).

Proof. We proceed by induction on n. Clearly the theorem is true for n = 1. Now suppose
that n > 1 and the theorem is true for all m < n. Let ¢ € S,(132) with o; = n. Then it
must be the case that o1,...,0,_1 are all strictly bigger than all the elements in {0j41,...,0,}, so
{1,...,n—i} = {oi+1,...,optand {n —i+1,...,n} = {o1,...,0;}. Now consider the two cases in
the definition of ¢,,.

Case 1. 0, =n.
In this case, ¢,(0) = L(P), where P = ¢,,_1(01---0p—1). Thus, for k& > 2, the number of up-
steps of height > k in ¢,(0) equals the number of up-steps of height > k in ¢,_1(01 - 0p_1),
which equals mmp(kfl’o’o’o)(al +++0p—1) by induction. But since o, = n, it is clear that for k > 2,
mmp* 1000 (5, ... g, 1) = mmp*0.09)(5). Thus, mmp*0.99) () equals the number of up-steps of
height > k in ¢, (o). Finally, mmp(1-0:0.0) (0) = n —1, and there are n — 1 up-steps of height > 2 in
Pn(0).

In this case, the maximum length of an interval in ¢,(o) equals 2n and o, = n shows that
mmp(?97=10)(5) = 1, so one half of the maximum length interval in ¢, (o) equals 1 plus the maxi-
mum k such that mmp(©®0%0)(g) £ 0.

Case 2. g, =n, where 1 <i<n—1.
In this case, ¢, (0) = PP, where P = ¢;(red(oy1 -+ 0;)) and Py = ¢p—i(0441 -+ 0y). It follows that
for any k£ > 1, the number of up-steps of height > k in ¢, (o) equals the number of up-steps of height
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> k in P; plus the number of up-steps of height > k in P,, which by induction is equal to

k,o,o,O)(

mmpF*%0 (red(oy - - - 04)) + mmp! Titl " On).

But clearly

(k,0,0,0) (

mmp#*%% () = mmp* %0 (red(ay - - - 05)) + mmp Oig1: " Op),

so mmp#0.9:9)(7) is equal to the number of up-steps of height > k in ¢, (o).

Finally, the maximum length of an interval in ¢, (o) is the maximum of the maximum length
intervals in P; and P,. On the other hand, the maximum k such that mmp®%*9(s) £ 0 is the
maximum k such that mmp(©0%9 (red(o; - - - 04)) # 0 or
mmp(®0#0) (g, 1 - 0,) # 0. Thus, it follows from the induction hypothesis that one half of the
maximum length of an interval in ¢, () is 1 plus the maximum k such that mmp@%%0)(5) £0. O

We have the following corollary to Theorem 2.1.
COROLLARY 2.2 Let k > 1.

1. The number of permutations o € S, (132) such that mmp*090)(¢) = 0 equals the number of
Dyck paths P € Doy, such that aoll steps have height < k.

2. The number of permutations o € S,(132) such that mmp(®089 (5) = 0 equals the number of
Dyck paths P € Do, such that the mazimum length of an interval is < 2k.

Another set counted by the Catalan numbers is the set of rooted binary trees on n nodes where
each node is either a leaf, a node with a left child, a node with a right child, or a node with both a
right and a left child. Let B,, denote the set of rooted binary trees with n nodes. Then it is well-known
that |B,| = Cy. In this paper, we shall draw binary trees with their root at the bottom and the tree
growing upward. Again it is easy to define a bijection 6,, : S,,(132) — B, by induction. Start with a
single node, denoted the root, and let ¢ be such that o; = n. Then, if ¢ > 1, the root will have a left
child, and the subtree above that child is 6;,_i(red(oy---0;-1)). If i < n, then the root will have a
right child, and the subtree above that child is 0,,_;(0;41 - - - 0,). We have pictured the first few values
of this map by listing a permutation o on the left and the value of 6,,(c) on the right in Figure 4.

If T € B, and 7 is a node of T, then the left subtree of 7 is the subtree of 7" whose root is the left
child of n and the right subtree of n is the subtree of T" whose root is the right child of . The edge
that connects n to its left child will be called a left edge and the edge that connects 7 to its right child
will be called a right edge.

The following theorem is straightforward to prove by induction.

THEOREM 2.3 Let k> 1.

1. For any o € S,(132), mmp*090)(5) is equal to the number of nodes n in 0,(c) such that there
are >k left edges on the path from n to the root of 0,(c).

2. For any o € S,(132), mmp(®9%0)(5) is the number of nodes 1 in 0, (c) whose left subtree has
size > k.
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321
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/ 231 .\/

21

312
213

123

Figure 4: Some initial values of the map 6,

Proof. We proceed by induction on n. Clearly the theorem is true for n = 1. Now suppose that n > 1
and the theorem is true for all m < n. Let o € S,,(132) with o; = n, let r be the root of 6,,(c), and let
1 be a node in 0, (o).

If n is in r’s left subtree, then 7 has > k left edges on the path to r if and only if it has > k — 1
left edges on the path to the root of the left subtree of r. If 5 is in 7’s right subtree, then 7 has
> k left edges on the path to r if and only if it has > k left edges on the path to the root of the
right subtree of r. Therefore, by the induction hypothesis the number of nodes with > k left edges
on the path to the root is mmp®*~—1%00) (ved(oy - - 0y_1)) + mmp*209 (g, 1 .- 0,), regarding each
term as 0 if there is no corresponding subtree. However, since each term in o1---0;_1 has n to
the right of it and n never matches MM P(k,0,0,0), we see that mmp*=1009 (red(oy ---0;_1)) =
mmp#0.09) (red(ay - - - 0;)). Thus, the number of nodes with > k left edges on the path to the root is
mmp#0.09) (red(ay - - - 03)) + mmp* 009 (g, 1 -+ 0,,) = mmp*0-0.0) ().

It is clear that the number of nodes with left subtrees of size > k is equal to the sum of those from
each subtree of the root, possibly plus one for the root itself. In other words, if y(statement) equals 1
if the statement is true and 0 otherwise, then by the induction hypothesis, the number of such nodes
is mmp(®0#0) (red(oy - - 05_1)) + mmpOOF0) (5,41 - ,) + x (i > k), again regarding each term as 0 if
there is no corresponding subtree. However, since n does not affect whether any other point matches
MMP(0,0,k,0) and itself matches whenever ¢ > k, we see this number of nodes is precisely equal to
mmp(%0#:0) (). O

Thus, we have the following corollary.
COROLLARY 2.4 Let k > 1.

1. The number of permutations o € Sy, (132) such that mmp*090)(¢) = 0 equals the number of
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rooted binary trees T € By, that have no nodes n with > k left edges on the path from n to the
root of T.

2. The number of permutations o € S,(132) such that mmp(*089 (5) = 0 equals the number of
rooted binary trees T € B,, such that there is no node n of T whose left subtree has size > k.

3 The function Q%’Q()’O’O)(t, )
In this section, we shall study the generating function Q%’;&O’O’O)(t, x) for k > 0.

Throughout this paper, we shall classify the 132-avoiding permutations ¢ = g1 - - - 6, by the position
of nin o. Let Sr(f)(132) denote the set of o € S,,(132) such that o; = n.

Clearly the graph G(o) of each o € S,(Li)(132) has the structure pictured in Figure 5. That is,
in G(0), the elements to the left of n, 4;(c), have the structure of a 132-avoiding permutation, the
elements to the right of n, B;(0), have the structure of a 132-avoiding permutation, and all the elements
in A;(0) lie above all the elements in B;(o). As mentioned above, |S,(132)] = C),, = n+r1(2:) The
generating function for these numbers is given by

1—+1—4t 2
Ct) =) Cnt" = = : (3)
= 2t 141 —4t
n [ ]
A; (o)
B; (o)
1
1 i n

Figure 5: The structure of 132-avoiding permutations.

Clearly,
1—+1—A4xt

(0,0,0,0) o nn __ —
Qi (t,x) = Z Cpa"t" = C(xt) 501

n>0
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Next we consider Q%’ZO’O’O) (t,x) for k > 1. It is not difficult to see that A;(c) will contribute
mmp*—1.0.00) (red(A4;(0))) to mmp*0.09) (), since each of the elements to the left of n will match
the pattern MM P(k,0,0,0) in o if and only if it matches the pattern MM P(k — 1,0,0,0) in the
graph of A;(c). Similarly, B;(c) will contribute mmp®*99 (red(B;(0))) to mmp*0%0)(5) because
the elements to the left of B;(o) have no effect on whether an element in B;(0) matches the pattern
MMP(k,0,0,0) in o. It follows that

kOOO k—1,0,0,0 k,0,0,0
QY% ZQEW N(2)Q009) (). (4)

Multiplying both sides of (4) by " and summing for n > 1, we see that

14+ QU (t,2) = tQU; MV (1, 2) QU0 (¢, ).

Hence for k£ > 1,

£,0,0,0 1
Q00 (¢ 2y = QU000 )
Thus, we have the following theorem.
THEOREM 3.1
090 (1,0) = Cat) = - =20 )
and, for k> 1,
Qi " (t,x) = QT 10 90 (1, 2) (6)
Theorem 3.1 immediately implies the following corollary.
COROLLARY 3.2
B0 (1,0) = (7
and, for k> 2,
QS0 (1,0) = —— oo (®)

1 =1Qy3, 7 (1, 0)
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3.1 Explicit formulas for ng’l%’g’o)(x)|$r

(k707070)

First we shall consider the problem of computing @, 35 (x)]z0. That is, we shall be interested in the
generating functions Q%’Q(]’O’O)(t, 0). Using Corollary 3.2, one can easily compute that
(2,0,0,0) 11
t,0) = ——
Q132 ( ) ) 1 — 92’
(3,0,0,0) _ -
t,0) = ————
Q132 (a ) 1—3t+t2,
2
(4,0,0,0) 1-3t+1¢
t,0) = —m——
Qa2 (10) 1 — 4t + 3t
1 — 4t 4 3t

5,0,0,0
Qgsz )(t, 0) =

1 — 5t + 6t2 — 3’
1—5t+6t2 —1t3
1— 6t + 102 — a3 "
1 — 6t 4+ 10t3 — 4¢3
1 — 7t + 15t2 — 103 + ¢4

A (0) - |

77 9 b
Q0 (t,0) =

By Corollary 2.2, legéo,o,o) (t,0) is also the generating function for the number of Dyck paths
whose maximum height is less than or equal to k. For example, this interpretation is given to se-

quence A080937 in the OEIS, which is the sequence (Q,(j’l%g’o) (0))n>0, and to sequence A080938 in

the OEIS, which is the sequence (Qg’loég’o)(O))nzo. However, similar interpretations are not given to

(Q(k,O,O,O)

ni132  (0))n>0, where k ¢ {5,7}. For example, such an interpretation is not found for

(QP%02(0)nz0, Q5 (0)) 50, (QL 590 (0))nz0, (R 159" (0)) 0,

which are sequences A011782, A001519, A124302, and A024175 in the OEIS, respectively. Similarly,
by Corollary 2.4, the generating function legéo,o,o) (t,0) is the generating function for the number of
rooted binary trees T' that have no nodes 7 such that there are > k left edges on the path from 7 to
the root of T'.

We can easily compute the first few terms of Q%’Q(]’O’O)(t,w) for small k using Mathematica. For

example, we have computed the following.

QU V() = 14+t + (1+ )% + (1 4 22 + 227) 3 + (1 + 3z + 52> 4 52°) ¢*
(1+4z +92° + 142® + 142*) ¢° + (1 + ba + 142® 4 282 + 422" + 422°) ¢ +
(1+ 62 + 202 + 482° + 902" + 1322° + 1322°) ¢7 +

(1+ 7z +272% + 752% + 1652 + 2972° + 42920 + 42927) % +

(1 + 8z + 3527 + 1102® + 2752 4 5722° + 10012° + 143027 + 14302%) ¢° + - --

In this case, it is quite easy to explain some of the coefficients that appear in the polynomials

Qil{’loég’o) (x). Some of these explanations are given in the following theorem.
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THEOREM 3.3 1. Q;ESORO):ilﬂW7121,

(1,0,0,0)
2. Qn132 (ac)\x:n—lfornZZ,

3. QS&%S’O)(@")M? =(3) —1forn>3,
4. QU (@)1 = Gy forn > 1, and

5. QLS (@) gn> = C forn > 2.

Proof. There is only one permutation o € S, with mmp1909(5) = 0, namely, 0 = n(n — 1)---1.

Thus, the constant term in Qn 1%5 0

1000)( )

)(x) is always 1. Also the only way to get a permutation o € S,

that has mmp! = n—11is to have o, = n. It follows that the coefficient of 2"~ in lel,,l%,g,o) ()

is the number of permutations o € S,,(132) such that o,, = n, which is clearly C,,_;. It is also easy to
see that the only permutations o € S,,(132) with mmp(1%%9(¢) = 1 are the permutations of the form

o=n(n—1)-(i+1)(i—1)i(i —2)---21.

Thus, the coefficient of = in Q(llogg 0)( ) is always n — 1.

For (3), note that we have lel(;Qoo ()] =2 = (g) — 1. For n > 4, let a(n) denote the coefficient

of 2 in Qil 1033 0)(30). The permutations o € S,,(132) such that mmp™®%%0) () = 2 must have either
o1 = mn, 09 = n, or o3 = n. If o3 = n, it must be the case that {o1,02} = {n — 1,n — 2} and that
mmp(l’o’o’o)(ml «++0,) = 0. Thus, 04 -0, must be decreasing, so there are exactly two permutations
o € S,(132) such that o3 = n and mmp(L%09 () = 2. If oy = 7, it must be the case that o1 =n — 1
and that mmp(l’o’o’o)(ag -+-0,) = 1. In that case, we know that there are n — 3 choices for o3 - oy,
so there are n — 3 permutations o € S,(132) such that oo = n and mmp%%9(¢) = 2. Finally,
it is clear that if oy = n, then we must have that mmp(1:%09(gy...¢,) = 2, so there are a(n — 1)
permutations o € S,(132) such that ¢y = n and mmp(1:%09(¢) = 2. Thus, we have shown that
a(n) = a(n — 1) + n — 1 from which it easily follows by induction that a(n) = (;) — 1.

Finally, for (5), let ¢ = oy --- 0, € S,(132) be such that mmp(1%09) (¢) = n—2. We clearly cannot
have o,, = n, so n and o, must be the two elements of o that do not match the pattern MM P(1,0,0,0)
in 0. Now if o; = n, then B;(0) consists of the elements 1,...,n —i. But then it must be the case
that o, = n —i. Note that this implies that o, can be removed from ¢ in a completely reversible way.
That is, 0 — red(oy - - - 0,—1) is a bijection onto S,_1(132). Hence there are C),_1 such o. 0

We have computed that

QU (4, 2) = 14+t + 2% + (4+ 2)f° + (8 + 4w + 227) t* +

(16 + 122 + 922 + 52%) ¢° + (32 + 32z + 302” + 242° + 142") % +
(64 + 80 + 88x% + 852° + 702 + 422°) ¢7 +

(128 + 192z + 2402* + 2642° + 258z + 2162° + 1322°) 3 +

(256 + 448z + 6242” + 7602° + 833z + 8192° + 6932° + 42927) ! +

Again it is easy to explain some of these coefficients. That is, we have the following theorem.
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Tueorem 3.4 1. QU ”(0) =271 ifn > 3,

2. for n > 3, the highest power of x that appears in Qn 1%3 0

le%g 0)( )|x”—2 = Cn727 and

)(ac) is 22, with

3. QPO (@), = (n—2)2"3 forn > 3.

Proof. Tt is easy to see that the only o € S,(132) that have mmpZ%%0(s) = n — 2 must have
0pn—1 =n — 1 and o, = n. Note that if o,,_1 = n and 0, = n — 1 then we have an occurrence of 132

for n > 3. Thus, the coefficient of 2"~2 in Qilz’ioég,o) () is Cp_g if n > 3.
The fact that Qflogg 0)( 0) = 2"7! for n > 1 is an immediate consequence of the fact that

%’20’0’0) (t,0) = {=L. In fact, this is a known result, since avoidance of the pattern MM P(2,0,0,0)

is equivalent to avoiding s1multane0usly the (class1ca1) patterns 132 and 123 (see [5, p. 224]). One
can also give a simple combinatorial proof of this fact. Clearly it is true for n = 1. For n > 2, note
that o1 must be either n or n — 1. Also, red(os - - - 0,,) must avoid the pattern MM P(2,0,0,0). Since
every permutation red(oy - - 0y,) avoiding MM P(2,0,0,0) can be obtained in this manner in exactly
two ways, once with o1 = n and once with ¢, = n — 1, we see that there are 2- 2772 = 271 such o.

The initial terms of the sequence ( %’20’0’0) (t,x)|z)n>3 are

1,4,12,32,80,192,448, . . .,

which are the initial terms of sequence A001787 in OEIS whose n-th term is a, = n2"~'. Now a,
has many combinatorial interpretations including the number of edges in the n-dimensional hypercube
and the number of permutations in S, 2(132) with exactly one occurrence of the pattern 123. The
ordinary generating function of the sequence is = o (DL which implies that

3
(2,0,0,0) __ ¢t
152 (t@)|s = -7

This can be proved in two different ways. That is, for any k& > 2,

1
Q(k,070,0) (t,.%')‘x _
Qe )

n k n
= 1+Zt ( 3321000)(795)) {m

n>1
= Dont"(@in "V (1.0)" Qs Y )
n>1
k—l,o,oo n( k 1,0,0,0 n—
= Qi "Vl (@i 0" 9)

n>1
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However,
d _(k,0,0,0) d 1
) =
dt ¥132 dt 1—tQ1§21000)(t 0)
(k—1,0,0,0) no1 d k—1,0,0,0
= Z tQ132 (t70)) T— <tQ§32 )(t70)>7
n>1
S0

d (k707070)

t5Q (t,0) n s ~(k=1,0,0,0 n—

i = 2t Qi (5.0)" (10)
i <tQ132 (75,0)) n>1

Combining (9) and (10), we obtain the following recursion.
THEOREM 3.5 For k> 1,
k,0,0,0
1 Q15" ,0)
k—1,0,0,0 ’
& (thzsz )(t50)>

(11)

k,0,0, k—1,0,0,
Q§3200 O)(t,x)b = Q§32 100 O)(t,x)b

We know that

1,0,0,0 n t
" ol = 3= D" = s

n>2
and 1
(1707070) — (2707070) — —
Qizp  (8,0) = 11 and Q5,7 (t,0) = 1_9
Thus,
(2,0,0,0
(2,0,0,0) ( dtQ132 )(tao)

0.0, 1,0,0,0
132 () = Qi3 )(t’xﬂf 4 1,0,0,0)
dt <tQ132 (t, 0)>

2 tdi <—1*t)

<~4-

_ d _t
(1 —1t)? £ L
t3
T oa-—207

We can also give a direct proof of this result. That is, we can give a direct proof of the fact that for
n>3,b(n) = Q" (2)|, = (n—2)2"%. Note that b(3) = 1 = (3-2)2%~% and b(4) = (4-2)2*3 = 4,
so our claim holds for n = 3,4. Then let n > 5 and assume by induction that b(k) = (k — 2)2F=3
for 3 < k < n. Now suppose that o € S,(Li)(132) and mmpZ%00) = 1. If the element of ¢ that
matches MM P(2,0,0,0) occurs in A;(o), then it must be the case that mmp1-090)(4;(c)) = 1 and
mmp2%%9)(B;()) = 0. By our previous results, we have (i—2) choices for 4;(¢) and a(n—i) = 2!
choices for B;(o). Note that this can happen only for 3 <i <n — 1, so such permutations contribute

n—1 n—4

> (i—2)2r it 232" =3 "(n—-3—k)2"

1=3 k=0
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to b(n). If the element of o that matches MM P(2,0,0,0) occurs in B;(c), then we clearly have
mmp(:009) (A4;(0)) = 0, which means that A;(o) is decreasing and mmp%9%9 (B;(c)) = 1. This can
happen only for 1 <+¢ < n — 3. Thus, such permutations will contribute

n—1 n—4
b(3)+ - +bn—1) =Y (i—2)20% = "(k+1)2"
=3 k=0

to b(n). The only permutations that we have not accounted for are the permutations o = oy --- 0, €

S,,(132) where o,, = n and mmp%%0 (g, ... g, _1) = 1, and there are n — 2 such permutations. Thus,
n—4
b(n) = (n—2)+22k(n—3—k+k+1)
k=0

= (n—2) <1+Z2k>
= (n—-2)(1+2"%-1)=(n—2)2""

O
We can also explain the coefficient of second highest power of x that appears in @ klgg 0)( ) for
k> 2.

THEOREM 3.6 For all k> 2 andn >k + 2,

Qs (@) n-r1 = C +2(k = 1)Cp—. (12)

Proof. We first consider the case k = 2. That is, we must compute Qf%g 0 (2)|yn—3. In this case,

2,0,0,0 1,0,0,0 2,0,0,0
Qi,m )( )= Z QE 1 132)( )Qg—i,132) ().
=1

We have shown that for n > 1, the highest power of z that occurs in Q( 1%3 0) (z) is 2"~ and, for

n > 2, the highest power of z that occurs in Q 1%3 0)( ) is 2. Tt follows that for i = 2,...,n — 2
1000( )Q(2000

the highest power of x which occurs in Q;"){55 i 139 () is less than n — 3 so that we have only
three cases to consider.

7

Case 1. i1 =1.

In this case, QE&?:?&OQ) (1‘)@1(12 0201??2( ) = Qf Ol’f)l’gg(x) and we know that

2,0,0,0
Qgif,lﬁ%(m”x”—?’ = Cp_3 for n > 4.

Case 2. i=n—1.
(1,0,0,0)( )Q(zooo( ) — Q(looo

In this case, Q; 1135 ()@, "7 132 no132(x) and we know that

QPO (@) gns = Cry for n > 4.



234 S. KITAEV, J. REMMEL AND M. TIEFENBRUCK

Case 3. i = n.
(1,0,0,0)( )Q(zooo( ) — Q(looo

In this case, Q; 1135 ()@, 132 no1.132(x) and we know that

1,0,0,0
QY0 (@) -5 = Cps for n > 4.
(2,0,0,0)
Thus for n > 4, Qn 132 ( )| gn—3 = Cp—2 + 2C),_3.
Now suppose that k > 3 and we have proved by induction that

Qillfl_glz’o’o’o)(x)\xnfk = Cp—k+1 + 2(k — 2)Cy—, for n > k + 1. In this case,
QUr000) k—1,0,0,0) k,0,0,0)
Q132 Z Qz( 1,132 )Q( —i,132 (@),

We have shown that for n > k, the highest power of x that occurs in an13120 -0 0)( ) is 2"kt and,

for n > k + 1, the highest power of x that occurs in ngl%g 0) (z) is 2™ %. Tt is easy to check that for
i=2,...,n— 2, the highest power of x which occurs in QE&?:?&OQ) (w)Q,(TQL()ilol’g (x) is less that n — k — 1

so that we have only three cases to consider.

Case 1. i1 =1.

. k—1,0,0,0) k,0,0,0) k,0,0,0
In this case, Q§_17132 (z )Qi i 132( x) = Q,(%Lw%(x) and we know that

£,0,0,0
Q;_1713%($)’$n7k71 - Cnflfk fOI‘ n 2 ]{: + 2

Case 2. i =n — 1.
In this case, lez}l’géo 0) (z )lek S ?302( ) = Qf@kf;,&g,o) (z) and we know that

k—1,0,0,0
Qg—2,132 )(x)‘xn*kfl = Cp_p—1 forn >k + 2.

Case 3. i =n.
In this case, Qz(ﬁll’géo e )Qik h ?302( ) = Q,(f:ﬁ’l%g 9 (2) and we know by induction that

QY (@) gn k1 = Crg +2(k = 2)Cppy for n> k +2.

Thus for n > k + 2, Q%" (2)|yn-s—1 = Cpg + 2(k — 1)Crpj1. O

We note that the sequence (Qg’loég’o) (@)|gn-3)n>4 is sequence A038629 in the OEIS which previously

had no combinatorial interpretation. The sequences (QS:’&(Q)’O) ()| gn-1)n>5 and (Q,(f’l%g’o) (@) | gn-5)n>6
do not appear in the OEIS.
We have computed that

QU0 (1 ) = 14+t + 2% +56% + (13 + 2)t* + (34 + 62 + 22%) £ +
(89 + 25z + 1327 + 52°) t° + (233 + 90z + 5827 + 342 + 142" ) ¢7 +
(610 + 300z + 2222° + 1582° + 98z + 422°) ¢% +

(1597 + 954 + 7832> + 6282" + 4682" + 3002 + 1322%) 17 + - - - .
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The sequence (QS’%Q’O) (0))n>0 is sequence A001519 in the OEIS whose terms satisfy the recursion

a(n) = 3a(n — 1) — a(n — 2) with a(0) = a(1) = 1. That is, since Q%0 (£,0) =

see that for n > 2,

m, it is easy to

Q0eY(0) = 3Q%%55(0) — Q5% (0) (13)

with Qfg ™ (0) = Qi (0) = 1.

Avoidance of MMP(3,0,0,0) is equivalent to avoiding the six (classical) patterns of length 4
beginning with 1 as well as the pattern 132, which, in turn, is equivalent to avoidance of 132 and
1234 simultaneously. Even though A001519 in the OEIS gives a relevant combinatorial interpretation
as the number of permutations o € S,y that avoid the patterns 321 and 3412 simultaneously, our

enumeration of permutations avoiding at the same time 132 and 1234 seems to be new thus extending
the results in Table 6.3 in [5].

PROBLEM 1 Can one give a combinatorial proof of (13)?

PROBLEM 2 Do any of the known bijections between S,,(132) and S,,(321) (see [5, Chapter 4]) send
(132,1234)-avoiding permutations to (321, 3412)-avoiding permutations? If not, find such a bijection.

The sequence (Qif:’loég’o) (@)]z)n>4 is sequence A001871 in the OEIS, which has the generating func-

tion m The nth term of this sequence counts the number of 3412-avoiding permutations
containing exactly one occurrence of the pattern 321. We can use the recursion (11) to prove that

these sequences are the same. That is,

(3,0,0,0)

3,0,0,0 2,0,0,0 1Q (¢,0)
Q) = QIO (),
4 (1" 1, 0))
d (_1-2t
- t3 b (173t+t2)
- (1—2t)2 d t(1-t)
dt 1-2t
4
T -3t

We have computed that

QU0 (1 w) = 141 + 2% + 5% + 14¢* + (41 + 2)t5 + (122 + 8z + 202) 10 +
(365 + 42z + 172% + 52°) t7 + (1094 + 184z + 942” + 442® + 142") % +
(3281 + 731z + 4312” + 2512 + 1262 + 422°) ) + - --

The sequence (Q%’QO’O’O) (t,0))n>1 is A007051 in the OEIS. It is easy to compute that

(4,0,0,0) 1—3t+ 2

t,0 —

@z (10) 1 — 4t + 312
o 1=3t+ ¢
(1 —1)(1 -3¢

3n—1+1
= 1 — "
275
n>1
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Thus, forn > 1, Q£L41030 0)( 0) = ?’n_TIH, which also counts the number of ordered trees with n — 1 edges
and height at most 4.
The sequence (Q%’QO’O’O) (t,2)|z)n>5, whose initial terms are

1,8,42,184,731,. . .,

does not appear in the OEIS. However, we can use the recursion (11) to find its generating function.
That is,

4,0,0,0
QN0 (¢, 0)
(15 1,0)

4,0,0,0 3,0,0,0

0l = QO ()l —
dt
d
d

1—3t+t>
4 t t (1—4t+3t2>
1—3t4+12)2 4 t(1-2t)
( 3t + ) dt 1—3t+t2
t5

(1 — 4t 4 3t2)2°

4 The function nggko (t,z)

In this section, we shall study the generating function Q&g’g’k’o)(t,w) for k > 1. Fix k > 1. Tt is easy

to see that A;(¢) will contribute mmp(©-0F9 (red(A4;(c))) to mmp®9%0)(5), since neither n nor any
of the elements to the right of n have any effect on whether an element in A;(0) matches the pattern
MMP(0,0,k,0) in o. Similarly, B;(¢) will contribute mmp(®%*9) (red(B;(0))) to mmp(®0#0)(q),
since neither n nor any of the elements to the left of n have any effect on whether an element in B;(o)
matches the pattern MM P(0,0,k,0) in o. Note that n will contribute 1 to mmp(®9%0) if and only if
k<.

It follows that

k n
0 0,k 0 (0,0,k 0 0,0,k,0) 0,0,k,0) 0,0,k,0)
n132 ZQz 1132 iz 1,132 (z) +a Z Qz(el,wz( )Qiz 1132( ). (14)
=1 i=k+1
Note that if ¢ < k, QZO ? Ifgo) (x) = Cj_1. Thus,
0,0,k,0) OOkO OOkO OOkO
2132 ZCZ 1Q£L 1132 )+ Z Qz 1132 (O zlSZ)(x) (15)
i=k+1

Multiplying both sides of (15) by "™ and summing for n > 1 shows that
(0,0,k,0
-1+ Q132 )(t,l“) =

t(Co+ Ot +--- + Ckiltk—l)Qg,zO,k,O) (t,2)+
tw QI%QO 0 (t7 x)(Qgg,QQk,o) (t, 1’) — (CO +Cit+---+ Ckiltkfl)).
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Thus, we obtain the quadratic equation
0=1—(—1+(t—tz)(Co+ Cit + -+ Cort" Q" (t,2) + tx(Q "V (t,2))%. (16)
This implies the following theorem.

THEOREM 4.1 For k> 1,

L (b = (525 Cit?) = /(1 + (b = (2 Cth))? — dta

Qi (t.x) = 20 (17)
_ 2
(- S O + (Ut (- (T Cpt))? — ata
and
QU0 (t,0) = : (18)

1-— t(CO +Cit+---+ Ck_ltkfl) '

By Corollary 2.2, Qg%zo k,0) (t, 0) is also the generating function of the number of Dyck paths that

have no interval of length > 2k and the generating function of the number of rooted binary trees T
such that T has no node 1 whose left subtree has size > k.

4.1 Explicit formulas for Qg)l%g 0 ()]

It is easy to explain the highest power and the second highest power of x that occurs in Qnolgg 0) ()
for any k > 1.

THEOREM 4.2 1. For all k > 1 and n > k, the highest power of x that occurs in Qnolgg 0)(36) 18

"k with Qnol%so (x)|gn-+ = Ck, and

2. Qs (@) gnn1 = Chgr — Cpo +2(n — k — 1)Ch_1.

Proof. For (1), it is easy to see that, for any k£ > 1, the maximum number of
MMP(0,0,k,0)-matches occurs in a permutation o = o1---0, € S,(132) only when o1---0} €

Sk(132) and opyq1 -+ 0y = (K +1)(k+2)---n. Thus, Qggi%’gﬂ)(xﬂxn—k =Ciforn>k+1.

For (2), suppose that & > 3, and define a,, ;, = QS%S’O) (x)|gn-%-1, where n > k+ 1. Then, suppose

that 0 = o1+~ 0py1 € Spp1(132) is such that mmp(9%0) () = n — k. By definition, the number
of such o is ap41. Then, if 0,11 = n + 1, we must have mmp(ovo’kvo)(al cwop) =n—k—1, s0 we
have a,, j choices for o1 ---0,. If 01 = n+ 1, then mmp(o’o’k’o)(ag - 0pt1) =n —k, so we have Cj_q
choices for o9+ opy1. If 0, =n + 1, then 0,1 = 1 and mmp(o’ovkvo)(al ceop—1)=n—k—1, s0 we
have C)_4 choices for o1---0p_1. If 0; = n+ 1, where 2 < ¢ < k, then o7 ---0; cannot contribute
to mmp059(5), so mmp®0*9(g) = mmpO9F0 (g i ---opiy) < n—i—k <n—k—1 If
o;=n+1, where n —k+1<i<n-—1, then 0,410,341 cannot contribute to mmp(ovo’kvo)(a), S0
mmp(oﬁo’kﬁo)(a) = mmp(0:0:.0) (01--0;) <i—k <n—k—1. Finally if o; = n+1, where k+1 < i < n—k,
then

mmp®%*9 () = mmp®P*0 (red(ay -+ 0y)) + mmpOOFO) (g - o)
i—k+n+l—i—k)=n+1-2k<n—k—1.

IN
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Thus, it follows that for n > k + 1, a, ; satisfies the recursion
Ang1k = Gnk + 2Ck_1. (19)

In general, if n = k+1, then there are Cj41 —C}) permutations in S,,(132) avoiding M M P(0,0, k,0),
namely, those that do not have o1 = k+ 1. Using this as the base case, we may solve recursion (19)

to obtain a, ; = Cpy1 — Crp +2(n — k — 1)Ci_1. O
Again, we can easily use Mathematica to compute some initial terms of the generating function
(0707k70)

130 (t,x) for small k. For example, we have computed that

QU (ta) =1+t + (1 +2)t2 + (1432 +2%) 3 + (1 + 62 + 622 + 2°) t* +
(1+ 10z + 202% + 102® + 2*) £ + (1 + 152 + 5027 + 502° + 152" + 2°) ¢® +
(1+ 21z + 10522 + 1752° + 1052 + 212° + 2°) ¢7 +

(1 + 28z + 19622 + 4902” + 490z + 1962° + 282° + 27) % +

(1+ 36z + 3362% + 11762* + 1764x* + 11762° + 3362° + 3627 + 2®) 17 + - .

It is easy to explain several of the coefficients of ) 01%’;’0)( ). That is, the following hold.

THEOREM 4.3 1. Qnolo?;;,o (0) =1 forn>1,

(0,0,1,0)

2. Qn 132 (@)|gn-1 =1 forn > 2,
(0,0,1,0)

J. Qn 30 (@)]e = (5) forn>2, and

4- Qnol%;’o (2)|gn—2 = () forn > 3.

Proof. It is easy to see that n(n—1) - - - 1 is the only permutation ¢ € S,,(132) such that mmp(®-0-1.0)(¢) =

0. Thus, leol(g;,o (0) =1 for all n > 1. Similarly, for n > 2, 0 = 12--- (n—1)n is the only permutation

in S,(132) with mmp(©%19(¢) =n — 1 so that Qg)”loéé’o)(x)\an =1forn > 2.

To prove (3), let o) =n(n —1)---(G+1)(G —1)---ij(i —1)---1forany 1 <i < j < n. Itis
easy to see that mmp(®%1.9)(5(7)) = 1 and that these are the only permutations ¢ in S, (132) such

that mmp(®*19(¢) = 1. Thus, Qnol%’;’o (2)|s = (3) for n > 2.

For (4), we prove by induction that QS?’I%’;’O) ()| gn-2 = () for n > 3. The theorem holds for n =

3,4. Now suppose that n > 5 and o € S,,(132) and mmp(©01.9)(¢) = n—2. Then if o,, = n, it must be
the case that mmp(®%19 (g ... 5,,_1) = n—3, so by induction we have ("51) choices for o1 - - - opp—q. If
0; = n, where 1 <i < n—1, then it must be the case that 0 = (n—k+1)--- (n—1)nl2--- (n—k), so there
are n — 1 such permutations where o,, # n. Thus, we have a total of (g) with mmp(%:0:1.0) (0)=n—2.

a

More generally, one can observe that the coefficients of 27 and 2" 7~! in Qnol%;,o) (x) are the same.

This can be proved directly from its generating function. That is, by Theorem 4.1,

(0,0,1,0) 1+ t(x — 1) — \/(1 + t(x — 1))2 — 4t
132 (t,z) = ot .
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Further, define

QO V() =1 1 —te+1) = /(A + iz —1))2 — dat

0,0,1,0
R§32 )(t7 T) = ; = 22

The observed symmetry is then just the statement that Rg%QO 10 (t,z) = R%QO’LO) (tx,1/x), which can

be easily checked. We shall give a combinatorial proof of this symmetry in Section 6; see the discussion
of (35).
We have computed that

OOt 2) = 1+t + 262 + (3+22)63 + (5+ Te +222) ¢4 +

(8 + 21z + 112% + 22%) ¢° + (13 + 53z + 492° + 152° + 22%) )% +

(21 + 1242 + 1742% + 892° + 192" + 22°) 7 +

(34 + 273z + 5462% + 4112° + 1412* + 232° + 22°) % +

(55 + 577z + 15572% 4 16352% + 804x* + 2052° + 2725 +227) 7 + -+ -

We then have the following proposition.

ProposITION 4.4 1. Qnol%g,o (0) = F,,, where F, is the nth Fibonacci number, and

2. Qi " (@)ln-s =3+ 4(n — 3).
Proof. In this case, we know that Ql(;zo,z,o) (t,0) = 17t(cé+clt) = 172, 50 (ng,loé;,o) (0))n>0 is the se-
quence of Fibonacci numbers. This result is known [5, Table 6.1], since the avoidance of M M P(0,0, 2,0)
is equivalent to the avoidance of the patterns 123 and 213 simultaneously, so in this case we are dealing
with the multi-avoidance of the classical patterns 132, 123, and 213.

The fact that Qnol%g,o ()| zn—3 = 3+ 4(n — 3) is a special case of Theorem 4.2. O

The sequence (Qilolo32 (2)|z)n>3, whose initial terms are 2,7,21,53,124,273,577,..., does not

appear in the OEIS.
We have computed that

OD30 (¢ ) = 14t +26% + 563 + (9 + 5a)t* + (18 + 192 + 52°) 7 +

(37 + 61z + 2927 + 52°) t0 + (73 + 188z + 1242% + 392° + 5z") ¢7 +
(146 + 523z + 5002 + 20723 + 492* + 52°)t8 +

(293 + 1387z + 179522 + 10132° + 3102 + 5925 + 52)t +

In this case, the sequence (Qg?’l%’g’o) (0))n>0 whose generating function Qg%,g,&o) (¢,0) = m
is A077947 in the OFEIS, which also counts the number of sequences of codewords of total length n
from the code C' = {0,10,110,111}. For example, for n = 3, there are five sequences of length 3
that are in {0,10,110,111}*, namely, 000,010,100,110, and 111. The basic idea of a combinatorial
explanation of this fact is not that difficult to present. Indeed, a permutation avoiding the patterns
132 and MM P(0,0,3,0) is such that to the left of n, the largest element, one can either have no
elements, one element (n — 1), two elements in increasing order (n — 2)(n — 1), or two elements in
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decreasing order (n — 1)(n — 2). We can then recursively build the codeword corresponding to the
permutation beginning with, say, 0, 10, 110 and 111, respectively, corresponding to the four cases; one
then applies the same map to the subpermutation to the right of n.

The sequence (Q;O’l%’g’o) (2)|z)n>4, whose initial terms are 5,19, 61, 188, 532, 1387, . .. does not appear
in the OEIS. ’

We have computed that

QOO (¢ ) = 14 £ 4 22 + 563 + 14¢* + (28 + 142)t7 + (62 + 562 + 142°)15 +
(143 4 188z + 8422 + 142°)t” + (331 + 603z + 30722 + 11223 + 1421)t8 +

(738 + 1907z + 145522 + 6082> + 140x* + 142°)t" + - -
Here, neither the sequence (ng’l%’;"o) (0))n>1, whose generating function is

sequence (Qg?’l%’g’o) (2)|z)n>5 appear in the OEIS.

1
T=i(iTir 2450 Dor the

Unlike the situation with the generating functions ng’l%g’o)(t,x), there does not seem to be any

simple way to extract a simple formula for Q,(g’l%g 0 (t,x)|y from (17).

(0,k,0,0) _ ~(0,0,0,k)
5 The functions Q132 J(t,2) = 130 (t, )
In this section, we shall compute the generating functions Qg%; 00)(t x) and Qg%zo 0:k) ( x) for k >
1. These two generating functions are equal, since it follows from Lemma 1.1 that Qnolgg 0)( ) =
Qilologg k)( ) for all k,n > 1. Thus, in this section, we shall only consider the generating functions
(07k7070)
132 (1, ).

First let k = 1. It is easy to see that A;(c) will contribute mmp(®109) (red(A4;(c))) to mmp(1-0.9) (),
since neither n nor any of the elements to the right of n have any effect on whether an element in A;(o)
matches the pattern MMP(0,1,0,0) in o. Similarly, B;(c) will contribute n — i to mmp(©109) (),
since the presence of n to the left of these elements guarantees that they all match the pattern
MMP(0,1,0,0) in 0. Note that n does not match the pattern MM P(0,1,0,0) in o. It follows
that

1,0,0 (0,1,0, 0 —i
n 132 ) Z Qi 132 Cr—gz” ™" (20)
Multiplying both sides of (20) by "™ and summing for n > 1 will show that

14+ Q%0 2) = Q% 0 (t,2) C(ta).

['hus,
(0717070) 1

t - _ -
132 (6 =17 tC(tx)’

which is the same as the generating function for Q%’ZO’O’O) (t,x).
Next we consider the case k > 1. Again, clearly A;(c) will contribute mmp(®*0.9 (red(4;(c))) to
mmp(ovk’oﬁo)(a), since neither n nor any of the elements to the right of n have any effect on whether an



QUADRANT MARKED MESH PATTERNS IN 132-AVOIDING PERMUTATIONS 241

element in A;(o) matches the pattern MM P(0,%,0,0) in 0. Now if i > k, then B;(c) will contribute
Cp_iz™ " to mmp(®#09) (g, since the presence of n and the elements of A;(c) guarantee that the
elements of B;(o) all match the pattern MM P(0,k,0,0) in o. However, if ¢ < k, then B;(o) will
contribute mmp(®#=409)(red(B;(c))) to mmp(®#00)(g), since the presence of n and the elements of
A;i(o) to the left of n guarantees that the elements of B;(c) match the pattern MM P(0,k,0,0) in o
if and only if they match the pattern MM P(0,k —4,0,0) in B;(c). Note that n does not match the
pattern MM P(0,k,0,0) for any k > 1. It follows that

k-1
0,k,0,0) 0,k,0,0 0,k—i,0,0) 0,k,0, 0 n—i
Q£132 () = ZQZ(‘—1,132)(33)Q£L—1‘,122 +ZQ1( 1132 Cr—gz™ ™"
i=1
(0,k—i,0,0 OkOO ;
= ZCZ 1Qn 2122 ) +ZQZ 1132 Cr—iz" " (21)

Here the last equation follows from the fact that onflo?g) () = Ci—1 if i < k — 1. Multiplying both

sides of (21) by " and summing for n > 1 will show that

—1+ Qi " (t2) =
k—1 . .
t2, Gt Q@) + 10 (1) (Q% O (1, @) — (Co+ Crt+ -+ + Oy ot ™2)).

Thus, we have the following theorem.

THEOREM 5.1

(0,1,0,0) _ 1 99
132 (t, @) 71_750(753:)- (22)

For k> 1,
Q000 4y _ LT IR O (@) — Olt)) -
1 —1tC(tx)
and
Qg%,zk,o,o) (t,0) = L+t Zf;g Cjt!( g%’zkilij’o’o)(ta 0) - 1). (24)

1-¢
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5.1 Explicit formulas for Qg’é’g’o)(m)ur

Note that Theorem 5.1 gives us a simple recursion for the generating functions for the constant terms

n Q,(To’lg’g 0) (z). For example, one can compute that

(0,1,0,0) 1

t,0) = ;
132 ( ) ) (1 — t)a
(0,2,0,0) _ 1-t+#
132 (t7 0) - (1 _ t)z )

2 3 4
Q(Ogoo)(t 0) = 1—2t4+2t"+t°—t ]

(1—1)3
2 3 4 5 6
(0,4,0,0) 1 =3t AT —t7 437 - 510+ 2
Quzy” 7 (1,0) = A= , and
1 — 4t + 72 — 53 + 4t* + 6t° — 21¢° + 18¢7 — 5¢8

(0,5,0,0) _
Q132 (t’ 0) - (1 - t)5

We can explain the highest coefficient of x and the second highest coefficient of x in Qnolgg 0 ()

for any k£ > 1.

THEOREM 5.2 1. For all k > 1 and n > k, the highest power of x that occurs in Qnolgg 0)(36) 18

_ (0,k,0,0)
"k with Qn 139 ( Nan—+ = CrCh_k.

2. Forallk > 1 andn > k +1, Qnolggo( Ngn-r-1 = arCp_r where ay = 1 and for k > 2,

ar = Cp + S0 Ciyap_;.

Proof. For (1), it is easy to see that to obtain the largest number of MM P(0,k,0,0)-matches for a
permutation o € S,,(132), we need only to arrange the largest k elements n,n —1,...,n — k+ 1 such

that they avoid 132, followed by the elements 1,...,n — k under the same condition. Thus, the highest

OkOO)(

power of x that occurs in Q x) is ", and its coefficient is CyC),_p-

For (2), we know that Q L0 0)( )= Q;%’l%g’o)( ) and we have proved that inlgg 0)( Vgn—2 = Cp_q
for n > 2. Thus a1 = 1.
Next assume by induction that for j =1,...,k — 1,
Q,(f;’loég’o) (@)|gn—i—1 = a;Cp—jforn>j+1

where a; is a positive integer. Then by the recursion (21), we know that

k-1
(0,,0,0) _ (0,k—i,0,0) 0 (0,k,0, 0
Qn,132 (@)[gn-r-1 = ZCFIQn—z‘,mz )| gn—r-1 + Z <Qz 1 132 Ch—iz” ) |gn—r-1

0,k—1,0,0) 0,k,0,0
= ZC, 1Q£L 4,132 ( $n k—1 +ZCn ZQE 1132)( )‘xi—k—l.
i=k
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By induction, we know that fori=1,...,k — 1,

QS)L/;;;,S,O) (x)’$n7k—1 =ap_iCh_pforn—i>k—i+1
and fori=k+1,...,n,
0,k,0,0 .
Q§_17132)("E)|xi—k—1 =CrCi_1_pfori—12>k.

Moreover, it is clear that for i = k, Qko ]i01§2( )|zk—k—1 = 0. Thus we have that for all n > k + 1,

k—1 n
Qg?,llgg,())(x”z"—k—l = Zciflak—icn—k‘f' Z Con_iCrCi_1_p

i=1 i=k—+1
k—1
= n k(ZCz 10— z) +Ck Z Cn zCz 1-k
i=1 i=k+1
-1 k—1
= Chy (Z Cilak—i> + CrChg = Chg, (Ck + Z Cilak—i> :
i=1 i=1
Thus £ (0,k,0,0) . . k=1 v ,
us forn >k +1, Qn 13g (@) |gn—k-1 = apCp_j, where a, = Cp + >, Ci—1a)—;- O

For example,

ag = Co+Cha;1=2+1=23,
ag = C3+4+Cpas+Cia1=5+3+1=9, and
ag = Ci+Chaz+ Cilag+Coa1 =14 +9+3+2=28

which agrees with the series for g%,22,0 0) (t,z), g%g’ 00)( x), and Q§%2400 (t,z) which we give below.

Again we can use Mathematica to compute the first few terms of QI%QR 0 0)( t,x) for small k. Since
g%’g’o 0) (t,z) = %20 0.0 (t,z), we will not list that generating function again.

We have computed that

QU (¢, ) = 14t 4+ 2% + (3 + 22)8° + (4 + 6 + 42?) t* +

(54 122 + 1527 + 102°) t° + (6 + 20z + 362> + 422° + 282") 1t +

(7 + 30z + 702” + 1122° + 1262" + 842°) t7 +

(8 + 42z + 1202 + 2402° + 3602" + 3962 + 2642°) £* +

(9 + 562 + 1892% + 4502° + 8252 + 11882° + 12872° + 858z7) t* + - --

The only permutations o € S,(132) such that mmp(©29%0)(g) = 0 are the identity permutation
plus all the adjacent transpositions

(i+1) =12 (i— D@+ 1)i(i+2)--n

which explains why Qn0123g 0) (0) = n for all n > 1. This is a known result [5, Table 6.1], since avoiding

MMP(0,2,0,0) is equivalent to avoiding simultaneously the classical patterns 321 and 231. Hence in
this case, we are dealing with the simultaneous avoidance of the patterns 132, 321 and 231.
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We claim that (Qig’é’g’o)(x)\x = (n —1)(n — 2) for all n > 3. This can be easily proved by
induction. That is, Qg?ié’g’o) (z)|. = 2, so our formula holds for n = 3. Now suppose that n > 4 and
o =010, € 5,(132) is such that mmp(®2%9)(¢) = 1. We claim there are only three possibilities
for the position of n in ¢. That is, it cannot be that o; = n for 2 < i < n — 2, since then both ¢, and
op—1 would match MM P(0,2,0,0) in 0. Thus, it must be the case that o, = n, 0,1 = n, or o1 = n.
Clearly, if o,, = n, then we must have that mmp(®2%9 (g, ... 5, ;) =1, so there are (n — 2)(n — 3)
choices of oy - -+ o,—1 by induction. If ¢,,_; = n, then o,, = 1, so o, will match MM P(0,2,0,0) in o.
Thus, it must be the case that mmp(®299 (red(cy - - - 0,,_2)) = 0, which means that we have n—2 choices
for oy - - 0,,_o in this case. Finally, if ¢y = n, then we must have that mmp(®109 (red(oy - -- 0,,)) = 1.

Using the fact that ngl 0.0 ( ,T) = Q%’QO’O’O) (t,z) and that lel,,l%,g,o) ()|, = n—1, it follows that there
are n — 2 choices for o9 - - - 0, in this case. Thus, it follows that

Qi (@)l = (n=2)(n=3) +2(n = 2) = (n = 1)(n — 2).

The sequence (Q,(S’fég’o) (x)|zn-3)n>3 is sequence A120589 in the OEIS which has no listed combi-

natorial interpretation so that we have give a combinatorial interpretation to this sequence.
We have computed that

QU0 (1 &) = 141+ 2% + 53 + (9 + 52)t* + (14 + 18z + 1022)) £+
(20 + 42z + 4522 + 252%) 0 + (27 + 80z + 12622 + 1262 + 702*) 7+
(35 + 135z + 2802% + 3922° + 378z + 2102°) ¢+

(44 + 210z + 5402* 4 960z° + 1260z* + 1088z + 6602°) t* + - - -

and

O 004, 2) = 14 + 26> + 563 + 14t + (28 + 142)t7 + (48 + 561 + 2822) 14

(75 + 144w + 14022 4+ 702%) ¢7 + (110 + 300z + 43222 + 3922° + 1962*) 15+
(154 4 5502 + 10502* + 13442° + 11762 + 5882°) ¢ + - - -

The sequences (Q\155” (0)nz1, (QV1” ()| nz1s (QV159”(0))n>1, and

(ng’fgg’o) (2)|z)n>5 do not appear in the OEIS.
(a,b,c,d)

We have now considered all the possibilities for Qy5, " (t,x) for a,b, c,d € N where all but one of
the parameters a, b, c,d are zero. There are several alternatives for further study. One is to consider
g%’;’c’d)(t, x) for a,b,c,d € N where at least two of the parameters a, b, ¢, d are non-zero. This will be
the subject of 7, 8]. A second alternative is to allow some of the parameters to be equal to (). In the

next two sections, we shall give two simple examples of this type of alternative.

6 The function Qlko@o (t, )

In this section, we shall consider the generating function legéo’@’o)(t,x), where £ € NU {(}. Given a
permutation o = oy --- 0, € Sy, we say that o; is a right-to-left mazimum (left-to-right minimum) of
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oif oj > 0; forall i > j (05 < oy for all i < j). We let RLmax(o) denote the number of right-to-left
maxima of ¢ and LRmin(o) denote the number of left-to-right minima of o. One can view the pattern
MMP(k,0,0,0) as a generalization of the number of left-to-right minima statistic (which corresponds
to the case k = 0).

First we compute the generating function for Q,(g’l%g’o) (), which corresponds to the elements that
are both left-to-right minima and right-to-left maxima. Consider the permutations o € S,,(132) where
o1 = n. Clearly such permutations contribute xQan@ng( ) to Qif)log,g),o) (x). For i > 1, it is easy to
see that A;(o) will contribute nothing to mmp (-0, 0)(g), since the presence of n to the right of these
elements ensures that no point in A;(c) matches the pattern MM P(,0,0,0). Similarly, B;(c) will
contribute mmp @229 (red(B;(¢))) to mmp@29:0(5), since neither n nor any of the elements to the
left of n have any effect on whether an element in B;(0) matches the pattern MM P((,0,0,0) in o.
Thus,

0,0,0,0) (Z) 0,0, 0 (0,0,0,0)
ng 132 ( ) =xQ,” 1132 +ZCZ 1Qn 2132( ). (25)
Multiplying both sides of (25) by "™ and summing over all n > 1, we obtain that

0,0,0,0) (0,0,0,0 (0,0,0,0
14+ QU0 (1, 2) = 2@V M0 (1, 2) + 1@V (1, 2) (C(t) - 1).
Thus, we have the following theorem.

THEOREM 6.1

(0,00,0) 1
t = 2
132 (t,z) 1—tet+t—tOQ) (26)
and 1
0,0,0,0
500 (1,0) = T1i—iC) (27)
Next we compute the generating function for Q,(S’l%g’o) (z). First consider the permutations o €

S(l)(132) Clearly such permutations contribute inloiol’?)l’g%( ) to Qnolgg 0 (). For i > 1, it is easy to

see that A;(¢) will contribute mmp(©2%:0 (red(4;(c))) to mmp©0: 00)(0), since neither n nor any of
the elements to the right of n have any effect on whether an element in A;(c) matches the pattern
MMP(0,0,0,0) in . Similarly, B;(¢) will contribute mmp(®929)(red(B;(0))) to mmp®000)(q),
since neither n nor any of the elements to the left of n have any effect on whether an element in B;(0)
matches the pattern MM P(0,0,0,0) in o. Thus,

0,0,0,0 0,0,0,0 0,0,0,0 00(2)0
Q1(1,132 )(33) = &z 1 13% ) + ZQE 1 132) Qn’; 132) (). (28)

Multiplying both sides of (28) by ¢™ and summing over all n > 1, we obtain that

14 QUM 2y = 2@ (1, 2) + QUM (¢, 2) (QUP (¢, 2) — 1),

SO
0=1+QU" ¢t a)(tw —t — 1) + Q5" (¢, 2))2.
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Thus,

(0,0,0,0) (L+t—tx)—/(L+t—ta)2—4t
132 (t,z) = 2t .

Next we compute a recursion for Q(klogg) 0)(3:), where k > 1. It is clear that n can never match

the pattern MM P(k,0,0,0) for k > 1 in any o € S,(132). For i« > 1, it is easy to see that A;(o)
will contribute mmp(k_l’ovw’o) (red(4;(c))) to mmp®290)(5) since none of the elements to the right
of n have any effect on whether an element in A;(c) matches the pattern MM P(k,0,(,0) in o and
the presence of n ensures that an element in A;(0) matches MMP(k,0,0,0) in o if and only if it
matches MMP(k — 1,0,0,0) in A; (o). Similarly, B;(¢) will contribute mmp®**%:9) (ved(B;(s))) to
mmp(kvovwvo)(a), since neither n nor any of the elements to the left of n have any effect on whether an
element in B;(c) matches the pattern MM P(k,0,0,0) in o. Thus,

kO(Z)O k— 100)0) k,0,0,0)
Qi Z Q1 ¥ @)@ (). (29)
Multiplying both sides of (29) by "™ and summing over all n > 1, we obtain that
0,0,0,0 (k—1,0,0,0) k,0,0,0
-1+ Q§32 )( ) = tQ1 (t7 x) 532 )(t, ).

Thus, we have the following theorem.

THEOREM 6.2

0,0,0,0 1+t—tx) — 1+t—t.%'2—4t
§32 )( t,x) = ( ) \/2(t ) . (30)
Fork >1,
0,0,0) 1
Qs "t 2) = : (31)
132 1—tQ§l§210®0(t,x)
Thus,
0,0,0,0
§32 )(t70) =1
and for k > 1,
£,0,0,0 1
(20004 0) = . (32)

k—1,0,0,0
1— Q5 %0 (t,0)

6.1 Explicit formulas for ng’l%’g)’o)(x)|$r

We have computed that

QUMD (¢ 2y = 1+ wt + (1422 £ + (2422 +2°) £ + (6 + 4w + 32> + ) t* +
(18 + 13z + 627 + 42° + 2°) t° + (57 + 40z + 212” + 82° + 52 +2%) ¢° +

(186 + 130z + 6622 + 302* + 102* + 62° + 27) 7 +

(622 + 432z + 2202® + 962° + 402" + 122° + 725 + 2®) 3 +

(2120 + 1466 + 7442® + 3282% + 1302" + 512 + 142° + 827 + 2) 17 + - - .
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Clearly the highest degree term in anlgg 0)( ) is ™, which comes from the permutation n(n —

1)---21. It is easy to see that Qnml%g 0)(ﬂj)|xn71 = 0. That is, suppose 0 = o1 --- 0y, € S,(132) and

mmp?%0.9) (5) = n—1. It can not be the case that o; = n, where i > 2, since in such a situation, none of
o1,...,0; would match MM P((,0,0,0) in o. Thus, it must be the case that o1 = n. But then it must
be that case that mmp®09:9) (g, ... ¢,,) = n—1, which would mean that o5 - - - 0, = (n—1)(n—2) - - - 21.
But then 0 = n(n —1)---21 and mmp@vovwvo)(a) = n, which contracts our choice of o. Thus, there

can be no such ¢. Similarly, the coefficient of "~ * in anlgg 0) () is n — 1, which comes from the
permutations n(n —1)--- (i +2)i(i + 1)(¢ —1)---21 fori=1,...,n— 1.
(0,0,0,0)

The sequence (Q;,132" (0))n>1 is the Fine numbers (A000957 in the OEIS). The Fine numbers
(Fp)n>0 can be defined by the generating function

ZF ;o —V1—4
= 3t —/1—4t

It is straightforward to verify that

1—V1—4t 14+/1—4t 1
—VI—4t 14+1—4 1+t—tC@t)

[F,, counts the number of 2-Motzkin paths with no level steps at height 0; see [2, 3]. Here, a Motzkin
path is a lattice path starting at (0,0) and ending at (n,0) that is formed by three types of steps,
up-steps (1, 1), level steps (1,0), and down steps (1, —1), and never goes below the z-axis. A ¢-Motzkin
path is a Motzkin path where the level steps can be colored with any of ¢ colors. F,, also counts the
number of ordered rooted trees with n edges that have root of even degree.

PROBLEM 3 Find simple bijective proofs of the facts that the number of o € S,(132) such that
mmp(?%0.9) (5) = 0 equals the number of 2-Motzkin paths with no level steps at height 0 and that the
number of o € S,(132) such that mmp(®%29)(5) = 0 equals the number of ordered rooted trees with
n-edges that have root of even degree.

The sequence (Qg?’l%’g’o) (@)]z)n>1 is sequence A065601 in the OEIS, which counts the number of

Dyck paths of length 2n with exactly one hill. A hill in a Dyck path is an up-step that starts on the
z-axis and that is immediately followed by a down-step.

Next we consider the constant term and the coefficient of x in @ klgg) 0)( ) for k> 1.

PROPOSITION 6.3 For all k > 1,
k,0,0,0 k,0,0,0
Q§32 )(t,O) = §32 )(t,O).

Proof. Note that Qll 0.0,0) (t, 0) = = Q%’QO’O’O) (¢,0). If we compare the recursions (32) and (8), we
(k,0,0,0) (t

see that we have that Qi3) = Q%’ZO’O’O) (¢,0) for all k& > 1. This fact is easy to see directly.
That is, suppose that o € S,(132) has a MM P(k,0,0,0)-match. Then it is easy to see that if i is
the smallest ¢ such that o; matches MM P(k,0,0,0) in o, then there can be no j < i with ¢; < 0
because otherwise, o; would match MM P(k,0,0,0). That is, o; is also a MMP(k,0,0,0)-match.

1
-t
)
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Thus, if ¢ has a MM P(k,0,0,0)-match, then it also has a MM P(k,0,(),0)-match. The converse of
this statement is trivial. Hence the number of o € 5,,(132) with no MM P(k,0,0,0)-matches equals
the number of o € S,,(132) with no MM P(k,0,(,0)-matches. ]

The recursion (31) has the same form as the recursion (6). Thus, we can use the same method of
proof that we did to establish the recursion (11) to prove that

(k,0,0,0)
132 132 dt Qlk 1,0,0 0) (t, O)

For example, we know that

) 7®7 syt n n t2
5000 = 0 ol = 5 () - &2

Since Q(k 0.0, 0)(15, 0) = Q%’ZO’O’O) (t,0) for all k£ > 1, one can use (33) and Mathematica to show that

3

(2,0,0,0) t

t x = )

4

(3,0,0,0) t

t r — )
152" (o) (1—0)(1— 3t 1 12)2
4,0,0,0 o
332 )( ), = and

(1—t)3(1 - 32

6
(5707070) t
t = .
@z (Bl (1 —t)(1 — 5t + 6t2 —13)2

We also have the following proposition concerning the coefficient of the highest power of = in
k,0,0,0)
Qi ().

PROPOSITION 6.4 For all k > 1, the highest power of x appearing in anlg’g 0) (z) is "%, and for all

n >k, QU @)k = 1.

Proof. It is easy to see that for any k > 1, the permutation o € S,,(132) with the maximal number of

MMP(k,0,(,0)-matches for n > k+ 1, will be of the form (n—k)(n—k—1)---21(n—k+1)(n —k+
2)---n. Thus, the highest power of x that occurs in anlgg 0) (x)is 2" * which appears with coefficient
1. O

Using Theorem 6.2, one can compute that

g%’g’w’o)(t,x) = 1+xt+x(1+x)t2+x(1+3x+x2) t3+x(1+6x+6x2+x3) th+

(1+ 10z +202° + 102° 4+ 2*) t° + x (1 + 152 + 502° 4 502> + 152 + 2°) ¢° +
z (1 + 21z + 10522 + 1752° + 1052 + 212° + 2°) 7 +

z (1 + 28z + 19622 + 4902° + 490z + 1962° + 282° + 27) % +

(1 + 362 + 3362% + 11762° + 1764z + 11762° + 3362° + 3627 + 2®) 7 + - .
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If we compare Q&%’ZO’Q)’O) (t,x) to Q&g’g’l’o)(t, x), we see that for n > 1,

QU (@) = Q5" (). (35)

Note the Q 01%2 0) () has an obvious symmetry property. That is, the following holds.

THEOREM 6.5 For alln > 1,
(0,0,0,0) 0,0,0,0
n+1Qn 132 < > Qﬁz 132 )( ).

Proof. For ¢ € S,,, define the statistic non-LRmin (o) = n — LRmin(c). Since the statistic mmp(®:%:0:0)

is the same as the LRmin statistic and the statistic mmp(©%1:0) is the same as the non-LRmin statistic,
Theorem 6.5 shows that the statistics LRmin and 1 + non-LRmin are equidistributed on 132-avoiding
permutations. In fact, it proves a more general claim, namely that on S,,(132), the joint distribution of
the pair (mmp(©%2:9 —1 mmp©:0.1.0) is the same as the distribution of (mmp(©®%1-0 mmp(@:0.0.0) _1),
which often is not the case but is here because the sum mmp(®%%9 (5) 4+ mmp© 019 () equals the
length of the permutation . That is, if we let

LACED DEE (36)
0€S,(132)

then the theorem shows that yR,(x,y) is symmetric in z and y for all n.

We shall sketch a combinatorial proof of this fact. First we construct a bijection T' from S,,(132)
onto S,,(123) that will make the fact that yR,,(z,y) is symmetric apparent. If o = o1 --- 0 € Si and
T=m--Tp €Sy, then we let

o®T=01or(k+711) - (k+70)

and
coT=WUL+o01) - (l+op)T -T2

Then |J,, Sn(132) is recursively generated by starting with the permutation 1 and closing under the
operations of 0 © 7 and o @ 1. Then we can define a recursive bijection T : (J,, S, (132) — J,, Sn(123)
by letting T(1) =1, T(co71) =T(0) ©T(1), and T(c ® 1) = X(T'(0)), where X(o) is constructed
from o as follows.

Take the permutation o € S5,,(123) and fix the positions and values of the left-to-right minima. Ap-
pend one position to the end of ¢, and renumber the non-left-to-right minima in decreasing order. For
example, if ¢ = 4762531, then 4, 2, and 1 are the left-to-right minima. After fixing those positions and
values and appending one position, the permutation looks like 4xx2xx1x. Then we fill in the xs with
8, 7,6, 5,3, in that order, to obtain 48726513. The map X is essentially based on the Simion-Schmidt
bijection described in [5, Chapter 4].

It is straightforward to prove by induction that if T'(0') = 7, then o matches the pattern MM P(0,0,0,0)
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in ¢ if and only if 7; matches the pattern MM P(0,0,0,0) in 7. That is, the map 7" preserves left-to-
right minima. Note that if o; does not match the pattern MM P(0,0,0,0) in o, then it must match
the pattern MM P(0,0,1,0) in o. Thus, it follows that

(0,0,0,0) (( (0,0,1,0) (
Ru(z,y) = Z Zmmp (@) romap (o)
0€S,(132)
_ Z xLRmin(a) ynon—LRmin(a) ]

0€S,(123)

Next observe that specifying the left-to-right minima of a permutation o € S, (123) completely
determines o. That is, if 0y, > 04, > --- > 0y, are the left-to-right minima of o, where 1 = i; <
iy < -+ < i < n, then the remaining elements must be placed in decreasing order, as in the map X,
since any pair that are not decreasing will form a 123-pattern with a previous left-to-right minimum.
This means that X : 5,(123) — S,4+1(123) is one-to-one, and since LRmin(X(¢)) = LRmin(o) and
non-LRmin(X (¢0)) = 1 + non-LRmin(o), it follows that

YR (z,y) = Z xLRmin(X(a))ynon—LRmin(X(a))‘

O'ESn(123)

But it is easy to see that for any permutation X (o), reversing and then complementing X (o), which
rotates the graph of X (o) by 180° around its center, produces a permutation of the form X (7) for some
T € 5,(123) such that LRmin(X (o)) = non-LRmin(X (7)) and non-LRmin(X(¢)) = LRmin(X(7)).
Thus,
Z wLRmin(X(a))ynon—LRmin(X(o))
0€5,(123)
is symmetric in x and y. Hence, yR,(z,y) is symmetric in x and y. Thus, if » and ¢ are the reverse
and complement maps, respectively, then Y : S,,(132) — S,,(132) given by Y (o) = T X 1reXT(0)
is a bijection that swaps the statistics mmp(0,0,(,0) — 1 and mmp(0, 0, 1, 0). O
We have computed that

00 ) =1+t + (1 +2)% + (1432 +27) 2 +

(1+ 6z + 62 + 2%) t* + (1 + 102 + 202? + 102% + 2*) 17 +

(1+ 15z + 502° + 502° + 152" + 2°) t° +

(1+ 21z +1052% + 1752° + 1052 + 212° 4+ 2%) ¢7 +

(1 + 28z + 1962 + 490z> + 490z" + 1962° + 282° + 27) £* +

(1 + 362 + 33627 + 11762 + 17642 + 11762° + 3362° + 3627 +2%) t* + .-+ .

One can observe that Q%’QO’Q)’O) (t,z) = gg,zo,Lo) (t,z). We provide here a combinatorial proof of this

fact. Actually, we will prove a stronger statement that we record as the following theorem.

THEOREM 6.6 The two pairs of statistics (MM P(1,0,0,0), MM P(0,0,1,0)) and
(MMP(0,0,1,0), MMP(1,0,0,0)) have the same joint distributions on S, (132).
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Proof. We will construct a map ¢ on U,S,(132), recursively interchanging occurrences of the involved
patterns. The base case, n = 1, obviously holds: (1) := 1 and neither of the patterns occur in 1.
Assume that the claim holds for 132-avoiding permutations of length less than n, and consider a

permutation o € Sy(f) for some ¢. Consider two cases.

Case 1. i = 1. In this case, we can define ¢(7) := nep(B;(c)). Since n is neither an occurrence of
MMP(1,0,0,0) nor an occurrence of MM P(0,0,1,0), we get the desired property by the induction
hypothesis.

Case 2. i > 1. Note that n is an occurrence of the pattern M M P(0,0,1,0), and because of n, each
left-to-right minimum in A;(0) is actually an occurrence of the pattern MM P(1,0,0,0). Further, each
non-left-to-right minimum in A;(o) is obviously an occurrence of the pattern M M P(0,0,1,0). If i = n,
we let p(0) := Y (red(A;(0)))® 1, where Y is as defined in the proof of Theorem 6.5, and for 1 < i < n,
we let p(0) := (Y(red(A;(0))) @& 1) © p(B;(0)). Indeed, p(B;(c)) will interchange the occurrences of
the patterns by the induction hypothesis. Also, as in the proof of Theorem 6.5, Y (red(4;(c))) & 1 will
exchange the number of occurrences of the patterns in A;(o)n. O

We have computed that

QU (1 a) =1+t + 22 + (44 2)t3 + (8 4 5w + 22) t'+

(16 + 172 + 827 + 2°) ¢° + (32 + 49z + 382 + 122° + z*) tO+

(64 + 129z + 1412* + 772° + 172 + 2°) t7+

(128 + 3212 + 45322 + 3612% + 143z* + 232° + 2°) ¢+

(256 + 769z + 13262” + 1399z° + 8342 + 2472° + 302° +27) 7 + -+ - |

The sequence (Qg’l%’g’o) (@)]z)n>2 is sequence A000337 in the OEIS, whose nth term is

(n —1)2" + 1. Thus, Q19" ()], = (n — 3)2"2 4 1 for n > 2.
We have computed that
QUM (1 a) = 14+t 4202 + 563 + (13 + 2)t* + (34 + Tw + 27) P+
(89 + 322 + 1027 + 2%) 5 + (233 + 1222 + 5922 + 142® + 2*) t7+
(610 + 4222 + 2722% 4 1062° + 192 + 2°) 5+
(1597 + 1376z + 10902® + 5912° + 1822* + 252° + %) t? + -+ |

GO0 (1 ) = 14 £ +26% + 563 + 14t + (41 + 2)t° + (122 + 9z + 22) 15+

(365 + 51z + 1227 + 2°) ¢t + (1094 + 235z + 8422 + 162% + 2*) ¥+
(3281 + 966z + 4542 + 1392° + 212" +2°) ¢ + -+, and

QU (1 1) = 141+ 22 + 55 + 1481 + 4265 + (131 + 2)tS + (417 + 11z + 2?) 7+
(1341 + 7o + 142% + 2%) 3 + (4334 + 3962 + 11322 + 1823 + ) 7 + -
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The second highest power of x that occurs in anlgg 0)( ) is 2" *~1. Our next result will show that

ngl%g) 0) ()| yn—r-1 has a regular behavior for large enough n. That is, we have the following theorem.

THEOREM 6.7 Forn >3 and k > 1,

k,0,0, n
QWD slgn2 = 2(k — 1) + <2> (37)

Proof. Note that Q%QO 0.0 (t, ) = g%,zo,l,o) (t,z) and by Theorem 4.3, we have that

QW0 ()| = (3) for n > 3. Thus, the theorem holds for k = 1.

By induction, assume that Qg:_%@ ? 1a2len—2 = 2(k — 1) + (). We know by (29) that

(k+1,0,®,0) (k,0,0, o (k+1,o,(2),0)
Qn+k,132 Z i—1 132 n+k—i,132 (). (38)

=1

Note that for 2 < i < n — k — 2, the highest coefficient of z that appears in Qg?klioi’?’:g(x) is

However the highest coefficient of x in Qiklo ?302)( ) is 72 so that the

only terms on the RHS of (38) that can contribute to the coefficient of 2" 2 are i =1, i =n+k — 1,
and ¢ = n + k. By Proposition 6.4, we know that

pntk—i—(k+1) _— pn—i-1

k+1,0,0,0 £,0,0,0
Q5L+k,1713%(1’)’$n72 = 1 = Q1(’L+k727)132(x)’$”727

so the i =1and i =n+k — 1 terms in (38) contribute 2 to Qnill%g o (x)|gn-2. Now the i =n+k

term in (38) contributes

k,0,0, n
Qs =20~ 1) + ()

k+1,0,0,0)
to Q£1+k 132 (w)’xn%- Thus,

k+1,0,0,0 n
Q;+k7132 (@) |2 = 2k + <2>
O

The sequences (Q 155 ” (2)]a)nz1; (RS (2)]a)nzs, and Q10 (2)]s)uz5 do not appear in the
OEIS.

7 The function Qﬂgg’“o (t,x)

In this section, we shall compute Qlw 0.k,0) (t,x) for k > 0. First we compute the generating function

for Q,(gl%g 0) (). Observe that n will always match the pattern MM P(,0,0,0) in any o € S,,. For

i > 1, it is easy to see that A;(o) will contribute nothing to mmp(®909 (), since the presence of n
to the right of an element in A;(c) ensures that it does not match the pattern MM P((,0,0,0) in
o. Similarly, B;(c) will contribute mmp®%.90) (red(B;(c))) to mmp@09.9) (), since neither n nor any
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of the elements to the left of n have any effect on whether an element in B;(co) matches the pattern
MMP(0,0,0,0) in o. Thus,

0,0,0,0) 0,0,0,0
Q;J:’,z = Z Ci- 1Q£L i, 132) (z). (39)
Multiplying both sides of (39) by ¢ and summing over all n > 1, we obtain that
(0,0,0,0 0,0,0,0
-1+ Q132 )(t,x) = tzC(t) §32 )(75,33)’
&)

1

(0,0,0,0) o
Qe (b2) = T Em

Next suppose that & > 1. In this case nin o € S,(LZ)(132) will match the pattern MM P(),0, k,0) in
o if and only if i > k. For i > 1, it is easy to see that A;(o) will contribute nothing to mmp®%50) (),
since the presence of n to the right ensures that none of these elements will match the pattern
MMP(),0,k,0) in o. Similarly, B;(¢) will contribute mmp®%*9) (red(B;(c))) to mmp»0+#0)(q),
since neither n nor any of the elements to the left of n have any effect on whether an element in B;(0)
matches the pattern MM P(0,0,k%,0) in o. Thus,

0,0,k,0) (/)Ok'O (9,0,k,0)
2132 ZCZ ngz 1132 )tz Z Ci- 1Qn 1132( ). (40)
i=k+1

Multiplying both sides of (40) by "™ and summing over all n > 1, we obtain that
(0, = 0 (0, .
0,k,0) i\ (0,0,k,0 0,k,0) ;
~14 Qi () = 13 Oty ™ (t.x) + wt Qi (C(1) = Y- Oy,

Thus, we have the following theorem.

THEOREM 7.1

0,0,0,0 1
5" (1) = 1—tzC(t) )
Fork >1,
(0,0,k,0) 1
t,x) = . 42
) S e - o o) )
and

1
1— (b2 optd)

0,0k,
QIF0(t,0) =
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7.1 Explicit formulas for Qﬁf&?o)(;p)ur

We have seen the constant terms Qi?l’gék’o)(O) previously. That is, we have the following proposition.

PropPoSITION 7.2 QU0FD (¢ 0) = QOOkO (£, 0) for all k > 1.

Proof. The proposition follows immediately from Theorems 4.1 and 7.1. That is, we have

0.k, 1 0,0,k
QIR0 ¢ 0y = — Q0% 1 0).

1 (X o)

This fact is easy to see directly. That is, suppose that o = o1---0, € S,(132) and o contains a
MMP(0,0,k,0)-match. It is easy to see that if 4 is the largest such that o; matches MM P(0,0, k,0),
then there can be no j > i with o; > o; because otherwise, o; would match MM P(0,0,%,0). Thus,
if o has a MM P(0,0, k,0)-match, then it also has a MM P(,0, k,0)-match. Again, the converse is
trivial. Hence the number of o € 5,(132) with no MM P(0,0, k,0)-matches equals the number of
o € S,(132) with no MM P((,0, k,0)-matches. 0

We have computed that

Qgg’QO’O’O) (t,z) =1+at+ (z + x2) t2 + (22 + 222 + xg) 3+ (5z + 522 + 323 + x4) th+
(14x + 1422 + 923 4 42t + xS) 5+ (423: + 4222 + 2823 + 142 + 525 + x6) 5+
(1322 + 13227 + 902° + 482" + 202° + 62° + 27) ¢7 +
(4292 + 42927 + 2972° + 1652 + 752° + 272° + 72" + 2%) £* +
(1430 + 14302% + 10012® + 5722 + 2752° + 1102° + 352" + 82° + 27) ¢ + - .-
Recall that Q%’QO’O’O) (t,x) = #(m), S0 Q%’QO’O’O) (tz, 1) = 52’20’0’0) (t,x). This can easily be ex-
plained by the fact that every o;, 1 < i < n, matches either MM P(1,0,0,0) or MM P((,0,0,0).
We have computed that

QUM (L a) =1+t + (1 +2)2 + (1 +42)® + (14122 + 22) t* +
(1+ 34z + 72%) £° + (1 + 982 + 3227 + 2°) 15 + (1 + 2942 + 1242® + 102%) ¢7 +
(149192 + 4482% + 612° + 2*) ¢® + (1 + 2974z + 15762> + 2982° + 132%) ¢° + - - -

In this case, it is easy to see that the only o € S, (132) that avoids the pattern MM P((),0,1,0) is

the strictly decreasing permutation. Thus, ng’l%;’o) (0)=1forall n > 1.

It is also easy to see that the permutation that maximizes the number of matches of MM P(0),0,1,0)
in S9,(132) is (2n — 1)(2n)(2n — 3)(2n — 2)---12, which explains why the highest power of z in
g%?fééo) (x) is ™, which has coefficient 1.
More generally, we have the following proposition.
PROPOSITION 7.3 For all k > 1, the highest power of x occurring in ng:;?l’ggl’o) (x) is x™, with coeffi-
cient (Cx—1)".
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Proof. It is easy to see that the permutations that maximize the number of matches of MM P(0),0, k —
1,0) in Sk, (132) are the permutations that have blocks consisting of

7 (kn)7™ D (k(n — 1))7" 2 (k(n — 2)) - - 7WE,

where for each i = 1,...,n, 7® is a permutation of (i — 1)k +1,...,(i — 1)k + k — 1 that avoids 132.
Since there are C,_; choices for each 7(, the result follows. O
It is also not difficult to see that the highest power of x in QQ?LE)& ?%Q(x) is ™, which has the

coefficient 3n + 1. That is, if o € S,,(132) and mmp(»%1.9)(¢) = n, then o must be equal to either

2n+1)2n —1)(2n)(2n —3)(2n — 2)--- 12,
2n—1)2n)(2n+1)(2n —3)(2n —2)--- 12, or
2n)2n —1)(2n+1)(2n —3)(2n — 2)--- 12,
or be of the form (2n)(2n+1)7, where 7 € S2,_1(132), which has n—1 occurrences of MM P(,0,1,0).

Thus, for n > 2,
(0,0,1,0) (0,0,1,0)
Q2n+1 132(T)[zn = 3 + an 1132(2) |zn-1.

The result now follows by induction, since Q3@1%’21 0 ()]s = 4.
The sequence (Q;wl%’;’o) ()|z)n>2 is A014143 in the OEIS, which has the generating function

% V_lt_)ﬁ‘t. That is, one can easily compute that
0,0,1,0 1 1
el = = |

L+t(x—1)—atCt)”  1— (tx(Ct) —1)+1t)"

= > (ta(CH - +t)=> (T)t(C’(t) — 1)t

n>1 n>1
n [(1-V1—4t t
— (C’(t)—l)n%:lnt _<T_1> (e
ol —1-4t
B 201 —t)2

We have computed that

G20t 0) = 1+t + 2% + (3+ 22)6% + (5 + 92)¢" +

(8 + 342)t° + (13 + 115z + 42%) % + (21 + 376z + 3227) t +

(34 + 1219z + 1772%) t5 + (55 + 3980z + 8192> + 8z°) t°
The sequence (ng,loé;,o) (0))n>2 is the Fibonacci numbers. We can give a combinatorial explanation
for this fact as well. That is, the permutations in S, (132) that avoid the pattern MM P((),0,2,0) are
of the form na, where « is a permutation in S, _1(132) that avoids MM P((,0,2,0), or of the form
(n — 1)nB, where 8 is a permutation in S,_2(132) that avoids MM P(0,0,2,0). It follows that

0,0,2,0 0,0,2,0) (0,0,2,0)
Qsz,l?,z )(O) = Q; 1132(0) + Qn 5132(0).
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The sequence (ng’l%’;’o) (2)|z)n>3 does not appear in the OEIS.

We have computed that

QU0 (4 1) = 14+ 4262 + 515 + (9 + 5a)t* + (18 + 242)t° + (37 + 952)t° +
(73 + 3562)t" + (146 + 12592 + 252%) ¢% + (293 + 43542 + 21522) ¢? + - -+ .
The sequence (Q,(B’l%g’o) (0))n>0 is sequence A077947 in the OEILS, which has the generating function
m. However, the sequence (ng’l%’;’o) (2)|z)n>4 does not appear in the OEIS.
We have computed that

OO0 (¢ 2y = 1+ ¢+ 2% + 513 + 14¢* + (28 + 142)t° + (62 + 7025 +

(143 + 2862)t" + (331 + 10992)t® + (738 + 4124x)t° 4 - - - .

The sequence (Q,(B’l%g’o) (0))n>0 does not appear in the OEIS.
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